
ON T H E  T H E O R Y  O F  L O N G  W A V E S *  

M. A.  L a v r e n t V e v  UDC 232.5.031 

A new method of studying plane steady wave motion of a gravity fluid is elucidated in this 
paper.  This method succeeds in establishing the existence of a sol i tary  wave, for example, 
and in giving the f i rs t  complete foundation for the approximate Rayleigh theory [1], which 
concerns  the theory  of f inite-amplitude long waves. Underlying the method are  general  
boundary proper t ies  of univalent functions, used ea r l i e r  by the author to const ruct  a qual- 
itative theory of jet fluid motions [2]. 

I. FORMULATION OF THE PROBLEM 

As is known, the problem of the steady wave motion of a gravity fluid in a channel of variable depth 
reduces  to such a boundary-value problem of conformal  mapping theory:  Let a line F 0 :y  = Y0 (x), where the 
function Y0 (x) is single-valued and continuous, together with its two derivat ives for all values of x be given 
in the plane of the complex variable z = x + iy. Find the line F: y = y (x), y (x) > Y0 (x) such that for the con- 
formal  mapping ~ = f ( z ,  F0, F), ~ = ~ + iT of the domain D (F0, F) bounded by F 0 and F, the relat ionship 

I~(ro,r)=ll'(z,r)l'- c+~v=o, (I) 

would hold in the strip v < ~ < h, f ( ~ ,  F 0, F) = a.~ along the line F, where C and 7~ are  given constants.  
Hydrodynamical ly,  the function f denotes the complex potential of a moving fluid, and the number h is the 
discharge,  while (1) cor responds  to a constant  p ressure  on the free surface.  If Y0 (x) = const,  then by im- 
posing cer ta in  conditions on a motion with the potential f we obtain wave motion in a channel of finite depth 
with zero t r ansve r se  fluid velocity. 

Henceforth,  let us l imit  ourse lves  to considerat ion of the case when h is sufficiently small  and when 
the quantities (1/h)ly 0 (x)-h], (1/h)ly(x)-hl  together with the f i rs t  three derivat ives,  as well as  I C - ~  ] ,  
l h - (2 /h)I ,  a re  small  together with h. In conformity with this, let us set up some relat ionships  concerning 
the conformal  mapping of the domains D (F0, F) c lose to the s tr ip 0< y < h onto the s tr ip 0 < ~? < h. 

*The variat ional  methods of conformal  mapping developed by M. A. Lavren t ' ev  (the M. A. Lavren t ' ev  con- 
gruence theorems) have been applied r ichly  in the papers  of Mikhail Alekseev himself ,  his pupils, and fol- 
lowers in the theory of quasiconformal  mapping, in problems of hydrodynamics  with f ree  boundaries,  in fil-  
t rat ion theory,  in numerica l  methods of solving applied problems,  and other branches  of mathemat ics  and 
mechanics.  The survey of the resu l t s  obtained here  and re fe rences  to appropriate  papers can be found in 
[3, 4], for example. The translat ion f rom Ukrainian of a s imilar ly  titled paper of M. A. LavrenVev ([5] 
(1947)) is the f i rs t  Russian publication of the complete proof  of the c lass ica l  theorem on the existence of a 
sol i tary wave announced by the author in 1943 in Doklady Akademii Nauk SSSR [6]. This ar t ic le  was t rans -  
lated by M.P.  Shcherbyak and edited by V. N. Monakhov. 

Novosibirsk.  Translated f rom 7hurnal  Prikladnoi  Mechaniki i Tekhnicheskoi Fiziki, No. 5, pp. 3-46, 
September-October ,  1975. Original ar t ic le  submitted April  24, 1975.  

�9 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15.00. 

659 



2 .  A U X I L I A R Y  F O R M U L A S  

Le t  zl = x 1 + iy~ be  an a r b i t r a r y  poin t  on the l ine  F.  Le t  us  d r a w  a c i r c l e  C t angen t  to F th rough  z l 
and  a n o r m a l  T to F to i n t e r s e c t  the  l ine  F 0 a t  the  po in t  z0, for  i n s t a n c e ;  l e t  us  d r a w  a c i r c l e  Cn t angen t  to  

F0 th rough  the po in t  z 0. The  d o m a i n  bounded  by  C o and C wi l l  be  deno ted  by  A z i .  L e t  us  m a p  c o n i o r m a H y  

~=/(z, z 0 

the  d o m a i n  A zl onto the  s t r i p  0 < ~ < h under  the  cond i t ion  tha t  the  v e r t i c e s  of  the c r e s c e n t  A zi wou ld  go 
o v e r  into the po in ts  : ~ .  

We ob ta in  

= h [1 1 1 tl 5 , , . '1 ,+] 
].f' (Z~, z)l Y --  Yo t_ - -  "~ (y - -  Yo) Y" @ V (y - -  Yi)) YO -:-" ~ Y'" - -  T YOU ~- y YO- -',- r , .  (2) 

w h e r e  

r = r (Yo, Y, Y0' Y', Y;, Y") 

i s  a func t ion  such tha t  the  e x p a n s i o n  of  the  funct ion  r (:~ Y0, ty ,  t y '  0 . . . .  ) in t s t a r t s  wi th  the  t h i r d  p o w e r  of t .  

F o r  su f f i c i en t  s m o o t h n e s s  of  the  l i n e s  F0, F the  quan t i ty  ] f ' ( r  1, z)I w i l l  y i e l d  an  a p p r o x i m a t e  va lue  
for  I f ' ( z  l ,  F 0, F) 1. L e t  us  f ind the  e s t i m a t e  and p r o p e r t i e s  of the  r e m a i n d e r  t e r m  of  t h i s  a p p r o x i m a t i o n .  
H e n c e f o r t h ,  for  s i m p l i c i t y  in the  w r i t i n g ,  l e t  us  a g r e e  k and  0 denote  q u e n t i t i e s  which  r e m a i n  bounded  a s  the  
a p p r o p r i a t e  p a r a m e t e r s ,  p a r t i c u l a r l y  h, t end  to z e r o .  L e t  ~0(x) and  (p (x) deno te ,  r e s p e c t i v e l y ,  the  d i f -  
f e r e n c e s  b e t w e e n  o r d i n a t e s  of the  po in t s  C 0, F 0 a n d  C, F ;  w h e r e  t h i s  d i f f e r e n c e  i s  not  def ined ,  we con -  
s i d e r  the  func t ions  r and  (p to be  g iven  so tha t  they  r e m a i n  con t inuous .  L e t  us  def ine  the  l i n e s  F 0 (~') and  
F (~-) by the  equa t ions  

y=yo(x )  ~ z%(x)=q%(x, ~); 
~]=y(x) - -  zq~(x) =,~(x,~). 

Le t t i ng  V(~') denote  the  a b s o l u t e  va lue  of  the  d e r i v a t i v e  of the  funct ion [ = f [ z ,  r 0 (T), r (~)]  a t  the  po in t  z i ,  
which  r e a l i z e s  the  c o n f o r m a l  m a p p i n g  of the  d o m a i n  D [P 0 (~), F (T)]into the  s t r i p  0 < ~? < h under  the  c o n d i -  
t ion  of  c o r r e s p o n d e n c e  of the  i n f in i t e ly  r e m o t e  po in t s ,  we wi l l  have  [2] 

co r 

v (T) ~ dd(T) V (T) ~ ~'~ ~ l/t[z" F':(T)'F(T)][ r176 }l - -  t [ ~ ~ ~ I/'[z" F~ F(T)]l~(x)e~ ~ --  t ' (3) 

--~ sh-" 2 h ~= oh2 2 h 

w h e r e  z i s  a poin t  of  F(~-) which c o r r e s p o n d s  to a po in t  t of  the  uppe r  b o u n d a r y  of the  s t r i p  under  the  m a p -  
ping  noted ,  and  ~l c o r r e s p o n d s  to z 1. H e n c e ,  s e t t i n g  

! 
~( t )  = .1 [.f' (z, F o ( ~ ) , r ( ~ ) [ ~ ( x ) e o s a r g / ' d t ,  ~,'~='-- r ( '0 ,  

0 

t 

(~0 (t) = .i' I[' (z, F o (T), I' (T)1% (x) COS arg f 'd t ,  : ~ F o (~), 
0 

we have  

log r (1) :~ dt �9 -~ ~o (t) dt 

f r o m  which  we ob ta in  the  fo l lowing  f o r m  for  the  r e m a i n d e r  t e r m  R:  
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o r  n o t i n g  t h a t  

R log 1~' (~,, to, r)l log []' ( z l ,  z,,.) I = ~ i },.% (0 -- t) r = - - -  - - T  :, ~ - t  
~o~ sh ~ # ~ lz clP- "-Z /z 

,~ ~ k(r (0 - -  t)  dt 
J 

(x )  = y ( . )  - y ( . ~ )  - v '  ( *~)  ( *  - * * )  - .&, v "  ( .q ) (~ :  - x~) ~ - -  0 IV 'F  (.~:' - * Y ,  

(4) 

we have 

% ( . )  = yo (~.) _ y ,..qo,) _ Yo ii*{~ ( *  - * , )  - ~ Yo (x,o~) ( .  _ x y  -5- Oo ly '?  (x  - x , )=,  

I B ]  < k ( m a x  lY I max ty"l / h~. (5) 

3 .  W A V E S  O N  A N  A R B I T R A R Y  B O T T O M  A N D  R A Y L E I G H  W A V E S  

T u r n i n g  to  s t e a d y  w a v e  m o t i o n s ,  l e t  u s  s e t  the  v a l u e  

l / '  (z: r0, r ) f  - (;' - ~)~ ( l  ' 2 y u "  
(u  - -  u0) ~ T ~- ], 

in  t h e  f i r s t  a p p r o x i m a t i o n  in r e l a t i o n s h i p  (1); t h e n  we  ob t a in  

( h - - v k C " l  "~ ) 
,, - - - = 7 , , )  k + - -  c - :3 y y "  = 

or  d i s c a r d i n g  h i g h e r - o r d e r  i n f i n i t e s i m a l s  

- " -  - "  yy" - -  _ 3 == C - -  } , y .  
\ - -7-J  ] L : :s u , 

H e n c e  

(6) 

y y .  3 3 ~1~ _ Z ( ~"i'- 3 C 3 ;" ya. (6')  
" y " \ u )  - 7 ( h - - r )  2 y" z ( ~ - - L , )  ~- 

L e t  u s  f i r s t  c o n s i d e r  t h e  c a s e  w h e n  Y0 = 0, v = 0. In t h i s  c a s e ,  (6) b e c o m e s  

yy" 3 3 c 3 k y3 (6") 
�9 _, '2 /~  Y~ - -  T ~ = ~ (Y)"  

L e t  u s  s e l e c t  t h e  v a l u e s  of  t h e  c o n s t a n t s  so  tha t  t he  m a x i m u m  of  r i s  r e a c h e d  a t  t h e  po in t  y = h and  
the  s p a c i n g  b e t w e e n  the  p o s i t i v e  r o o t s  of  ~(y)  w o u l d  be  on the  o r d e r  of  h2; t h e n  

3C 9 )~ 

H e n c e ,  s e t t i n g  y = h,  we  ob t a in  

Fig. 1 

Y 

2c' - -  3 M = 0 .  (7) 

Now if  i t  is a s s u m e d  t h a t  one  of  t he  r o o t s  of c0(y) e q u a l s  h 2 + h,  t h e n  we  o b t a i n  a n o t h e r  
relationship to determine C and X: 

1' (h h?)  ~ ;" - -  J .... ; 7  - -  ~ ( h  + t~0-) 3 = 0 .  ( 7 ' )  
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F r o m  (7) and (7') we ob ta in  

Z = 2  1 
h. t - - 3 h  : z . - 2 M  

or  r e t a i n i n g  the p r i n c i p a l  t e r m s ,  we f u r t h e r  ob ta in  

2 
;" ~ T -i- 6h; 

C = 3 @ 9hL 

Le t  us  note some  p r o p e r t i e s  of the  funct ion ~ = ( l / y )  ~p(y) for  the v a l u e s  of ~ and C taken .  

The  z e r o s  Yl and Y2 of the  funct ion $ a r e  

Yl,~=h ~ h ~ +  Oh.~. 

The  funct ion  ~ is  p o s i t i v e  in the  i n t e r v a l  y~ < y < Y2 and  a t  the  po in t  

yo=h @ Oh 3 

r e a c h e s  a m a x i m u m  equa l  to 

9 

Outs ide  the  i n t e r v a l  Y t  <- Y <- Y2 the func t ion  ~b i s  nega t ive  for  y > 0 and  convex  f r o m  the lef t ;  i t  i s  convex  
f r o m  the r i g h t  for  y < 3 h / 2 .  F o r  h / 4  < y < 5h /4 .  

k ~"  (y) = ~ ,  

and, m o r e o v e r ,  

k r  (h + 0h x) = ~ ~ .  

I t  wi t l  h e n c e f o r t h  be  conven ien t  to g ive  (6') a n o t h e r  f o r m .  To do t h i s  we s e t  

and r e p I a c e  the  funct ion  Y0 (x) by  the funct ion 

The  r e l a t i o n s h i p  {6) b e c o m e s  

yl(:~') = y ( x )  - -  yo(X) 

m ( x ) = y o ( x )  - v. 

( 2  ) ( h -  ~"/: t + y u,ul = c - ;,~ (yo -:- ~ + ,!.o). 

(8) 

(9) 

( lO)  

The  equa t ion  ob ta ined  i s  equ iva l en t  to (6) to  the  a c c u r a c y  of i n f i n i t e s i m a l s  of o r d e r  h i g h e r  than  h 2 b e -  
c a u s e  of  the  e s t i m a t e s  for  $ '  and try". Subs t i t u t ing  t h e i r  e x p r e s s i o n  (8) in p l a c e  of C and ~ in (10), and  
r e p l a c i n g  the r i g h t  s i de  by  a q u a d r a t i c  t e r m ,  we obta in  

g = ~ h  " . ,  h3 h'-' '.'.h'~ g - -  h.-!- v ~-~(g ,v) .  (11) 

F o r  ~ = v = 0 we ca l t  the  i n t e g r a l  c u r v e  of (11) a R a y l e i g h  wave  [1]. 
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4.  P R O P E R T I E S  O F  A R A Y L E I G H  

Set t ing  ~ = v = 0, we ob ta in  

The f i r s t  i n t e g r a l  wi l l  be 

y. .q 9 
= .~ h - - ~ ( y - - h ) " ' .  

W A V E  

(Ii ') 

(~)"  : :  9 h y - - 3 ( y - - h ) ~ ' - !  - 9A,  A = c o n s t .  (12) 

Let  us  s tudy the change in the i n t e g r a l s  of (11') which r e a c h  a m a x i m u m  at x = 0 depending  on the i n i t i a l  

~__, __3~s , A = O ,  h , hot 3ha -1-  

(Z3 o 
A = 5 -~h-  - - h a .  (12') 

o rd ina t e  y(O) = h + a ,  ~ > O. 

The  m a x i m u m  cond i t ion  y i e l d s  

f r o m  which 

Let  us  f ind the va lue  y,  y ~ h + a for which dy /dx  = O. We have 

h y  - -  ~ (y - -  h) a - -  h a  - -  h ~" " ~  ---- O, 

which y i e l d s  a f t e r  d iv id ing  by y - h - a  

(y - -  h) ~" + a ( y  - -  h) -4- ( Cz~- 3h ' )=0  

o r  

y = h - - a ,  (a) = h- - - : f f  + ~-X-~--- 0~2. (13) 

Hence ,  we see that  the g r e a t e s t  va lue  of a ,  for which we obta in  a wave equa l s  2h 2. M o r e o v e r ,  it i s  ev iden t  
tha t  for ~ in f in i t e ly  c lose  to h 2 the i n t e g r a l  c u r v e  wi l l  be c lose  to the l ine  y = h + h 2, which m e a n s  tha t  the 
plus  s ign  should  be t aken  in (13). 

F r o m  the c a l c u l a t i o n s  p r e s e n t e d  and d i r e c t l y  f rom the f o r m  of (11') we have the r e s u l t  tha t  for each 
va lue  of 

- -h  ~ ~< ~z < 2h ~ 

t he r e  ex i s t s  an i n t e g r a l  c u r v e  y = Y (x, ~) of (11') which has  a m a x i m u m  for x = 0 and ha s  the f in i te  pe r iod  
2W(~): 

and,  f u r t h e r m o r e ,  it  is  ev iden t  tha t  

(14) 

Y(x + 2(o(a), r a), 

Y ( - - x ,  ~)=Y(x,  a). 

The pe r iod  2~ is d e t e r m i n e d  by i n t e g r a t i n g  (12), 

,,3/2 ~ d ,  O) 
l?,  v V 3a' (: - a )  - -  ( : 3  _ a 3 ) '  

h--' a t ( a  ) 
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w h e r e  

#:-~ 
~ , ( ~ ) =  ~ l ~ l , 4 h  ~ - ~ ' -  

It  is  s e e n  f r o m  the  e x p r e s s i o n  o b t a i n e d  for  co t ha t  for  c~ --- h 2 the  h a l f - p e r i o d  co t e n d s  to ~4"h /3  

lira (o (a) = "~ ! g 
a-~h' 3 ' 

w h e r e  ~c i n c r e a s e s  as  ~ r i s e s  a n d  w t e n d s  to  r162 a s  ~ "~ 2h_ 2, t he  i n t e g r a l  c u r v e  w i l l  a c h i e v e  a s i n g l e  m a x i -  
m u m  for  ~ = 2h 2 a n d  the  l i ne  y = h - h  2 w i l l  be  the  a s y m p t o t e  of t h i s  c u r v e .  T h e  c u r v e  y = Y (x, 2h 2) y i e l d s  
a n  a p p r o x i m a t e  p r o f i l e  of a " s o l i t a r y  wave .  ~ 

Le t  u s  f ind  the  a s y m p t o t i c  e x p r e s s i o n  for  co(a) for  v a l u e s  of  ~ c l o s e  to 2h 2. To  do t h i s ,  l e t  us  r e p r e -  
s e n t  co a s  

. I ( ~ - - z )  l z - - a i ) ( z - - c t ~ ) '  

w h e r e  c~ 2 = ot 2 (~) is  d e t e r m i n e d  f r o m  (13) and  the  m i n u s  s i g n  m u s t  be  t a k e n  in  f r o n t  of  t he  r a d i c a l .  

L e t  u s  se t  

t h e n  

3 
a - - a l = - ~  ~ - -  ~-~ - -  a" = 28, 

a , - - a . , . = ] / 3 V  ~ - - r  

(o(~)= 
t 

h326-- 1/~ i d t  

Iz"3 ~1 |"( l--t"-)kl-~e--t) 
_ [ , +]  h3:'~6--1"" log - : A _ Be log . 

V~ T 

I n s t e a d  of the  v a r i a b l e  a ,  l e t  us  i n t r o d u c e  t he  v a r i a b l e  % 

(15) 

r = 2h"- xh ~ ; 

t h e n  we wi l l  h a v e  for  s m a l l  T 

3 , ~ / ,  - . . ) ; e : - t l S , p -  . 8 = -y., ,, ~', - ~ V u  + �9 7 -  w - . . .  

F i n a l l y ,  

1 I I 
' 

~o (a) = g h:-' -~" 

S t a r t i n g  f r o m  the  r e l a t i o n s h i p s  (11 ' ) ,  (12), a n d  (12 ' ) ,  t h e  f o l l o w i n g  e s t i m a t e s  c a n  b e  o b t a i n e d  fo r  the  
s l o p e  and  c u r v a t u r e  of the  R a y l e i g h  wave  for  a n y  v a l u e s  of  Ixl <- co(or): 

3 3x 

(x, r ~ .  kh-e , 
3x 

Y"(x. a) ~ khe *T~ 

I 3.," 

y , , ( x , a ) < h S e  ~'i, 

(16) 

The  f i r s t  of  t h e  e s t i m a t e s  j u s t i f i e s  the  f ac t  t ha t  the  t e r m  c o n t a i n i n g  y '  h a s  b e e n  d i s c a r d e d  in  go ing  
f r o m  (2) to (6), s i n c e  t h i s  t e r m  is  on the  o r d e r  of  h 3 in  c o n f o r m i t y  wi th  (16). 
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Let  us  t u r n  to the g e n e r a l  equa t ion  (11) and  le t  us e s t a b l i s h  the fol lowing p r o p e r t y  of i ts  i n t e g r a l s .  

Let  y = z (x) be an i n t e g r a l  of (11), Z (0) = h + a ,  7 ( -x)  = Z (x), Z (x + 2oJ) = 7 (x) for v = 0 and  for ~ = V0(x),  

0(-x) = ~0 (x), ~0 (x + 2r = ~0 (x) I~0 (x)] < flh 3, and le t  the func t ion  ~ = ~ (x) be such that  the i n t e g r a l  of (11) 
a g r e e s  with 7 (x). Let  Z (x) denote  an i n t e g r a l  of (11) for ~ = ~ ( x ) - A ,  where  A = c oa s t  so tha t  71 (0) = h + a,  
7~(0) = 0 .1 .  

L E M M A  1 .  If 2 h 2 - a  and fl a r e  su f f i c ien t ly  s m a l l ,  then  for x < w (~) the d i f f e r ence  

8Z=Zx(x) z(x) 

has  the v e r y  s a m e  s i g n a s A  and  16zl grow,  where  x = k~/'h 

kA 
18zl > ~-. 

Proof .  B e c a u s e  of the con t inu i ty  of the i n t e g r a l  as a funct ion  of the p a r a m e t e r s  of the equat ion ,  it  i s  
su f f i c i en t  to e x a m i n e  the c a s e  when ~ = 2h 2 and  ~0 (x) = 0. Hence ,  le t  Z go over  into Y (x, ~) and Z 1 into 
Y1 (xi, ~). Not ing  th i s ,  le t  us f i r s t  c o n s i d e r  a p a r t i c u l a r  c a s e  of (11): 

y. 9 3• 9 ( l l n )  
= ~- h i h~ 2h3 (Y --  h)h 

Let  us  hence  a s s u m e  that  A = 0 for 2h 2 > y ~- Yo and  A = A for l e s s e r  va lues  of y.  Let  us c o n s i d e r  the i n t e -  
g r a l  y = y (x) of th i s  equa t ion  under  the in i t i a l  data 

y(xo)=Y(xo, 2h2), 

y'(xo)" Y'(xo, 2h"), 

whe re  x0 is  d e t e r m i n e d  f r o m  the equa t ion  Y (x0, 2h 2) = Y0. 

Le t  

x=x(y), 
x=x(y) 

be  func t ions  i n v e r s e  to the func t ions  y = Y (x, 2h) and  y = y (x), r e s p e c t i v e l y .  In c o n f o r m i t y  with (11'),  (llW), 
and the in i t i a l  cond i t ions ,  we ob ta in  

3 

dy = ' d y 
x = (y - -  h -]- h z) ] / h  + 2h 2 - -  g ] / v '  

Ye Yo Yo 

V = U -~- ~ (y - -  y0) ~ u U ~- 

T h e r e f o r e ,  

5 yo- -h  

5 x = x - - x = k h - " A  ~ Yo--h--~ :3dg" 
y - - h  5 

(g -{- h2)3 (2h'2 -- y)" 

Not ing  that  

y(x) --  Y(x, 2h2)~ Y'(x, 2h~-)Sx, 

and  i n t r o d u c i n g  the new v a r i a b l e  u, 

g=h ~- 2h ~ --  h.~u 2, 

go=h+2h ~-h2uo, 
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We find 

i o o 6y = y (x) - -  Y (x, 2h "~ = ~ (3 - -  u 2) u ~" ~" -- u5 (5------~/fi .'- du ,  

w h e r e  k i s  a n u m e r i c a l  cons t an t ,  0 < u 0 < u < v ~ .  D i f f e r e n t i a t i n g  the  l a s t  r e l a t i o n  with r e s p e c t  to  u, we f ind 

kA ~ 9 (2u,:. ~ o du d 6 y =  - -3 )  u j ( 3 _ u ~ )  ~'u~ J" b7 ~ [(3 - ,,~)~ - 

The  r i g h t  s i de  of  t h i s  l a t t e r  equa t ion  i s  e x p l i c i t l y  p o s i t i v e  fo r  u 2 < 3 /2 ;  i t  can  be  s e e n  by  d i r e c t  s u b s t i t u t i o n  
tha t  t h i s  ho lds  for  a l l  u0 and u, 0 < u 0 < u < r  Th i s  m e a n s  tha t  the v a r i a t i o n  6y  i n c r e a s e s .  M o r e o v e r ,  c a l -  
c u l a t i o n s  c a r r i e d  out  show tha t  for  x 0 = 0 and  v a l u e s  of x on the  o r d e r  o f / ' h ' t h e  v a r i a t i o n  6 y  i s  on the  o r d e r  
of  A / h .  

F o r m i n g  a v a r i a t i o n a l  equa t ion  f r o m  (11), we ob ta in  the  fo l lowing  d i f f e r e n t i a l  equa t ion  fo r  6y :  

9 0 " - - h ) 6 y + 3 A  6y" = - -  ~ V ,  

" A : 0  for x < x  o and A : A  for x > / x  o. 

F r o m  the  m o n o t o n i c i t y  of 6y  p r o v e d  above  fo r  any  Xo we a r r i v e  a t  the  fo l lowing:  I f  go(x) i s  a n o n d e -  
c r e a s i n g  p o s i t i v e  funct ion ,  then  go'(x) > 0, go(x) > 0, x > 0, and  if  z (x) 

z(o)=:'(o) =o 

i s  an  i n t e g r a l  of  the  equa t ion  

" ' ~ ( Y - - h ) z  + qj(x),  

then  z (x) i s  a n o n d e c r e a s i n g  funct ion .  

L e t  us t u r n  to  (11) and l e t  us  f o r m  i t s  v a r i a t i o n a l  equa t ion  when the  funct ion  ~ i s  the  i n c r e m e n t  - A ;  
s i n c e  ~1I) i s  Y unde r  the  cond i t ion  t h a t A  = 0, we then  ob ta in  for  6Y 

~-~T" 

L e t  us  equa te  the  i n t e g r a l  of t h i s  equa t ion  to the  i n t e g r a l  of  the  equa t ion  

b y  s e t t i n g  

8YI g 3A = - - ~ ( Y - - h )  6 Y 1 .  

av(o)  = 6Y,(O) = a Y ' ( 0 ) =  6Y~(O)= 0 ; 

we ob ta in  

X = 6 Y -  5Y 1, 

9 i 
x "  = - -  ~ ( Y  - -  h) X - -  -~ v 6 Y .  

F o r  i n f i n i t e s i m a l  v we can  r e p l a c e  6Y by  the n o n d e c r e a s i n g  funct ion 6Y 1 and in c o n f o r m i t y  with the  above ,  
we w i l l  have  

X ' > 0 ;  
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howeve r ,  r e a s o n i n g  as  be fo re ,  let  us p rove  the  mono ton ic i ty  of the in t eg ra l  of the equat ion 

9 X"= - - ~  ( Y - - b  --diOX ~--(~(x), 

~(x) > O, (p'(x) > O, dh > 0 .  

Hence ,  by induct ion we obtain tha t  fo r  any v > 0 we have X'  > 0, which p r o v e s  the l e m m a  comple t e ly .  

5 .  T H E  O P E R A T O R  I A N D  I T S  V A R I A T I O N  

Let  us in t roduce  the fol lowing d i f fe ren t ia l  o p e r a t o r :  

T-~YY ) - - C  + ~(Y + v + ll). (17) 

Le t  us  s tudy the va r i a t ion  of this  o p e r a t o r  upon making  the t r a n s i t i o n  f r o m  the l ine F to the n e a r e s t  l ine F .  

LEMMA 2. Let  f ( x )  be a cont inuous  funct ion If(x)[  < vh 2, v--~ 0 as  h --* 0, and a long  the l ine F:  y = 
y (x ) ,  y ' (0)  = 0, y (0)  = h + a 

I(Fo, F) =/(x), (17') 

while a long  the l ine F : y = y (x), y ' (0)  = 0, y (0) = y (0) 

I(r0,  r )= f (z ) ,  

where  

Then  for  0 <- v < k h  2, 0 ~  ~?<kh  2 w e h a v e  

Vl(z) - /(z) l  ~ e- 

lY (x) - -  y (x)l ~ e ch (3 + 6) z (18) 

w h e r e  6 - *  0 as  h -* O. 

P r o o f .  Indeed,  taking accoun t  of  (11) we can r e p r e s e n t  (17 T) as  

, 3 y 
r 1 6 2  T 2 ( h - - v )  ~ ! ( x ) '  

where  ~t (y) is a cont inuous  and d i f fe ren t iab le  funct ion of  y and ~ (y) = 0 ($) and ~t '(y) = 0 ($ '),  r e s p e c t i v e l y ,  
in the ne ighborhoods  of  the z e r o s  of  ~t~ and $ ' .  

Set t ing 

7(x) -l(x)=8(x), Is(z) l< ~, ~-(z) - y(x)=r 

and f o r m i n g  the va r i a t iona l  equat ion for  (18), we obtain 

q~,, {~p,+/~, , 3 / } k~(z) 
= ~ 2 (h--v)------~ ~ ~ h 

or  taking into account  the e x p r e s s i o n  for  r and the condi t ions  for  v and 

, ,  0 ~.~ (z) 
= T ~ h ' (19) 
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w h e r e  0 s a t i s f i e s  the  i nequa l i t y  

- -G - -  0(h) ~ 0 ~< G ~- 0(h). 

No t ing  tha t  r (0) = 0 and ~ov(0) = 0 for  our  c a s e  and tha t  we ob ta in  the  g r e a t e s t  va lue  fo r  ~o" by  pu t t ing  0 = 
G + 0 (G) and  e (x) = e in (9), we f ind  the o r i g i n a l  e s t i m a t e  by  i n t e g r a t i o n .  

6 .  A U X I L I A R Y  P R O B L E M  

R e t a i n i n g  the  no ta t ion  u sed  in Sec .  1, le t  us  e x a m i n e  the  fo l lowing  p r o b l e m :  L e t  r0 :  y = Y0 (x) be  such  
tha t  Y0 (x) i s  p e r i o d i c  wi th  p e r i o d  2w, a d m i t s  of a unique m a x i m u m  a t  x = 0 for  [x] -< r Y0 ( - x )  = Y0 {x), and,  
m o r e o v e r ,  

l~o(X) - '-.'1 < kh~, lye (x)J < kh "+', lY,~ (x)l < kh i+', 
v < k h  ~', v > O .  

Le t  F~ denote  the l ine  y = y0(x) + A,  w h e r e  A is  s o m e  c o n s t a n t .  D e t e r m i n e  the  l ine  F : y  = y (x) 

(20) 

y(x+ 2co)=y(x), y(O)=h+r162 

such  tha t  y (F~, F) = 0, w h e r e  ~ i s  a g iven  n u m b e r  and the  n u m b e r  A m u s t b e  d e t e r m i n e d ,  A = A {y0}. Le t  

y(x) =Hiyo(x ) } =H{y0} 

denote  the  so lu t i on  of  the  p r o b l e m  p o s e d .  

L e t  us  h e n c e f o r t h  l i m i t  o u r s e l v e s  to the  c a s e  when the n u m b e r s  C and X a r e  d e t e r m i n e d  f r o m  (8) bu t  
the  n u m b e r  a b e l o n g s  to  the  r a n g e  h 2 < ot < 2h 2 + 0 (h2). M o r e o v e r ,  l e t  us c o n s i d e r  the  so lu t i on  of the  p r o b -  
l e m  p o s e d  so tha t  tt  would  be  even  and would  a d m i t  a s i ng l e  m a x i m u m  in the  i n t e r v a l  of the  p e r i o d  a t  x = 0. 

A s s u m i n g  the so lu t ion  of  the  p r o b l e m  p o s e d  e x i s t s  and  1A{y0}l < kh 3, l e t  us  e s t a b l i s h  a n u m b e r  of i t s  
p r o p e r t i e s .  

7 .  E S T I M A T E S  O F  D E R I V A T I V E S  O F  T H E  W A V E  L I N E  

L e t  y = Y0 (x) be  the  so lu t ion  of  the  p o s e d  a u x i l i a r y  p r o b l e m .  Le t  us  f ind  e s t i m a t e s  for  y ' ,  y " ,  and  y ~ .  
Wi thou t  l i m i t i n g  the  g e n e r a l i t y ,  we can  a d d i t i o n a l l y  c o n s i d e r  tha t  A {Yo} = 0 under  the  cond i t i on  ]A{yo} I < 
kh 3 b e c a u s e  of  (20). 

LEMMA 3. We have  

ly '  (x) l  < ~h t , 

log T 

w h e r e  k is  a c o n s t a n t  dependen t  only  on the  c o n s t a n t  k i n t r o d u c e d  above .  

P r o o f .  L e t  us  note  tha t  b e c a u s e  of the  e l e m e n t a r y  v a r i a t i o n a l  l e m m a  f r o m  c o n f o r m a l  m a p p i n g  t h e o r y  
[2] werhave  

ly(x) - -  h] > khL 

L e t  c deno te  the  m a x i m u m  va lue  of  lyV(x)], and  l e t  

y'(Xo) = c .  

In o r d e r  to ob ta in  the  d e s i r e d  e s t i m a t e  for  c l e t  us  c o n s i d e r  the  d e r i v a t i v e  of  the  func t ion  

P = Log v = log I/' (~o, r~, r)r 
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with r e s p e c t  to x a t  the  po in t  z 0 = x0 + iy(x0) .  B e c a u s e  of  (1), a t  the  po in t  under  c o n s i d e r a t i o n ,  we have  

d - 7 = ~ = - -  T - - 3  V ~ : - - T ~  +Oc" (21 )  

Now, l e t  us  f ind  the  u p p e r  bound of  t h i s  quan t i ty  by  s t a r t i n g  f r o m  the  g e o m e t r i c  c o n d i t i o n s  i m p o s e d  on r 0 and 
F .  To t h i s  end,  l e t  us  c o n s t r u c t  a d o m a i n  A bounded  by:  1) a s e g m e n t  a t angen t  to  F a t  the  po in t  z 0 = x 0 + 
iy (x0) e n c l o s e d  b e t w e e n  the  l i n e s  y = h + kh 2 and  y = h - k h  2, 2) r a y s  of the  l i n e s  y = h �9 kh 2 t h a t  i s s u e  f r o m  
the  ends  of  the  s e g m e n t  c o n s t r u c t e d  above ;  3) the  s e g m e n t  a 0 of the  l ine  y = kh 2+v ( x - x 1 )  + v (where  xt i s  
the  a b s c i s s a  of the  m i d d l e  of  the  s e g m e n t  a) e n c l o s e d  be tw e e n  the  l i n e s  y = v * kh3; 4) r a y s  of the  l i n e s  
y = v �9 kh 3 which  i s s u e  f r o m  the  ends  of  t h e  s e g m e n t  a 0. L e t  ~ = f i  (z),  f t  (~ ~ )  = ~ ~ m a p  A onto the  s t r i p  
v <~? < h and P l  = l o g ] f ~  (z)]. 

B e c a u s e  of the  a b o v e - m e n t i o n e d  l e m m a ,  i t  c an  be  s een  tha t  

'P,.1 ... [ ~ ]  ;t, (1 + Oh). ( 2 1 ' )  
a-'~-].,.=,:, / .Ulg Jx=x. = d-7 

F o r  the  m a p p i n g  ~ = f l  (z) i e t  the  s e g m e n t  ( - ~ l ,  ~1) c o r r e s p o n d  to the  s e g m e n t  d and  the s e g m e n t  
(~[0), ~0)) to the  s e g m e n t  do; then,  ev iden t l y ,  

h= ~o~ _ t - , ,  t!o~ ~ - ~  
~ I = - 0 " 7 ,  - - - - 0 t h  , . z  = O z h  . 

L e t  us  c o n s t r u c t  a h a r m o n i c  func t ion  Q in the  s t r i p  v < ~7 < h, which  e q u a l s  c on the  s e g m e n t  ( - ~ l ,  ~2) of  the  
l ine  77 = h, kh 2+v on the s e g m e n t  ( ~ 0 )  ~0) ) ,  and z e r o  on the  r e s t  of t he  b o u n d a r y .  

We have  

~P'I J ~ ~ , ~.h'+" f ~, + o~ d~ ~ . , ~ ~ 
" ~ 1  . . . .  = a ~ = o  < 7, ~ ~"  = - -  n=h It" 2 k h  Sh z J~ t ~ a t " ~  -~- ]~'hl '4-v -v- �9 ~ �9 _ _  ~h" h k~ s h  ~ 2 t 2 h - - v  " [ - k  k = ~ " 2 h - - v  ....- 

Hence ,  c o m p a r i n g  (21), (21 ') ,  and (21n), we ob ta in  

(21" )  

• < Oh. 
k h  
c 

which  m e a n s  

�9 k h  1 
T > 0 1 o g ~ ,  

which i s  the  f ina l  e s t i m a t e  for  c.  

LEMMA 4. We have  ly"(x)] < kh. 

P r o o f .  L e t  u s  p e r f o r m  a c a l c u l a t i o n  in the  v a r i a b l e s  ~, 7/ and  in c o n f o r m i t y  with t h i s ,  l e t  us  s e t  

y ~ ) = y [ x ( ~ ,  h)l , ~ , (~)=y[x,(~,  v)i. 

for  po in ts  of  the  wave  l ine  and  the  bo t tom,  w h e r e  x = x ({, 7) is  the r e a l  p a r t  of the  funct ion  i n v e r s e  to f ( z ,  
F~, F) .  M o r e o v e r ,  l e t  us  i n t r o d u c e  the con juga te  h a r m o n i c  func t ions  P (~, ~?), Q (~, ~? )- 

P logU - -  logt l '  "' "'*' _~ _ = z, Io, I it. 

Q = - -  arg ] '  (z, Fo, F I. 
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At points  of the wave l ine we have 

y ' = t g Q ,  

l OQ = (1  -+ Oh)Q'. 
Y" -- V cos~Q O~ 

(22) 

Analogous ly ,  a long  the bot tom 

yg = (t § Oh)q'. (22') 

The l a s t  r e l a t i o n s h i p s  show that  Q' has  the v e r y  s ame  o r d e r  of magn i tude  as y" .  Let  }i be  a point  at 
which IQ'I r e a c h e s  the abso lu te  m a x i m u m ;  for de f in i t enes s ,  le t  us  a s s u m e  that  

OQ (L h) 
q' (D = o~ > q'(~-~)" 

(23) 

Let  us ca l cu l a t e  the va lue  of ~1~/8~ 2 = P n  at  the point  (~t,h).  In c o n f o r m i t y  with (1), we have 

t l o g ( C  - -  ~,y) P = - - 7  

or r e p l a c i n g  C and ~ by the i r  va lues  f r o m  (9) and a s s u m i n g  

y=h--xh, Ixl < kh, 

we obta in  

p = x-? k h "- .-? Ox 2, (24) 

f r o m  which 

p , =  r (25) 
-K Y" 

v 2 2 ~ , k p" --_ ~ y" - -  ~ Vy '2 = (t ~ Oh) n -r t " 
log ~ ~" 

We can e x p r e s s  th is  s a m e  quant i ty  in t e r m s  of the value of Q'  by m e a n s  of the P o i s s o n  f o r m u l a .  A s -  

s u m i n g  h - v  = h l, we obta in  

= 0 - ~  = ~  ( l - r  h, ~h~.~ ~ - h  
- -  " 2 h 1 

- - - -  i __+ s h 2 ~  7 k 
(26) 

Equa t ing  (25) and  (26), le t  us show that  Q'  -* 0 as  h - -  0,. Indeed,  if (22q and  (20) a r e  taken into ac -  
count ,  then  

"~ sh. 2 ~  ~l ~ d ~ < O o ; -  O(l)h (27) 

is  obta ined  f rom these  equa t ions .  

Moreove r ,  by v i r t ue  of L e m m a  2, Q --* 0 as  h --* 0. Hence ,  se t t ing  IQ[ = e, it  can  be seen  that  

.__ ,q~ % 2Qi d:~____~_ _ ~ / c t h  ~ _ i 
sh  e "u ~ - -  ~1 : " /  h~ z'i~ sh'-'- ".~]~1 

--= 2 h o - -  . ' 
QI 

(27') 
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This  m e a n s  tha t  s t a r t i n g  f r o m  the opposi te  Q~ > K, 

9E 
cth "-:r-L - -  t < kh 

2Q~ 

o r  

1'  
log -h- 

which c o n t r a d i c t s  the a s sum pt i on .  

To obtain the d e s i r e d  e s t ima te ,  let us  use  an e x p r e s s i o n  for  P in t e r m s  of the funct ion y (}). 
fo r tu i ty  with the P o i s s o n  fo rmu la ,  we have  for  the s t r ip  0 < ~? < h i = h - v  

co 

-- -- ~o) y (~o) dt + kh 2. t - ' 7 - = ~ - 0 q c o s Q  h 1 cos0 -4 h 2cosQ J/ g t--~o 
_ ~  sh~ ~ - ,  h, 

Or by v i r tue  of L e m m a  2, se t t ing ~ - Y o  "~hi + Thi,  

, ~ "  6(t) dt • = l + �9 ~- ~ 3  ~ ~--  ~o + k~ (t.o) .~" (t.o) + Ohm, 
V _ sh  2 _ _  _ _  

2 ha 

where  

(28) 

I n  c o n -  

( 2 9 )  

[~(t)-----y(t) - -  Y(~o)  - -  ( t  - -  ~.o)Y:--'(~o) - -  ":5' ( t  - -  ~ o ) 2 y " ( ~ o ) .  

By v i r tue  of  (24) we have 

__1 = l + " r +  OhL 
v (30) 

Now, let  us a s s u m e  f r o m  the opposi te  tha t  (1/h)yM(}0) can  be a r b i t r a r i l y  l a rge ;  then f r o m  (29) and (30) 
we obtain 

i ~ ,5 (t) dt  - .  
(31) 

Under  the s a m e  a s sumpt ion ,  f r o m  (27) and (22) it is  obtained that  

' _S sh, 2---h) ~ +0<,)  (32) 

To p rove  the l e m m a  t h e r e  r e m a i n s  to show that  (31), (32), and (23) a r e  con t r ad i c t i ons .  Wr i t ing  the  
funct ion Q in place of  5 in (31) for  this ,  we have 

t t t t 

0 0 ~J 0 
i i  :i - -  .'fit -~. l',cos~Ql dt=( l - ] -Oh)  . ( Q ' - Q ; ) d t  Idt  OQ' (V- -y , )d t  ~, 

o o o 6 

t 

+ i" dt !" OQ' (Q - QI) dt. 
b 6 

Star t ing  f r o m  the a s s u m p t i o n  of L e m m a  2 and the inequal i ty  (28), it can  be shown tha t  the las t  two m e m b e r s  
in the e x p r e s s i o n  of 6 (t) r e p r e s e n t e d  by (31) will  y ie ld  quant i t ies  of the o r d e r  of 0 (Q~). Noting,  in addit ion,  
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t 

that  the o r d e r s  of  s m a l l n e s s  of Y"(~0) and Q~ a r e  the same and se t t ing  Q' - Q;=(~(t§ r ~ dt .( (~ (t)dt, 
0 0 

we obtain the fol lowing inequal i t ies :  

i' r (t) ~, > KhQ;, /7-'.1 - - - - ' 7 - / t "  
0 sh" 

o(i), 
o sh"- 

(33) 

(34) 

In tegra t ing  the left  side of  (34) twice  by pa r t s ,  we obtain 

r 

0~ d" t d 
sh- 

or  

d 2 l _ k i 

sh2 T sh~ 

T h e r e f o r e ,  we f inal ly obtain KhQ~ < kh 2 in (33), which y i e ld s  the de s i r ed  inequali ty.  

LEMMA 5. Under  the condi t ions  of L e m m a  4 we have 

ly'(x)l < ,~h~l '. 

P r o o f .  Let  a = y'(x0) be the m a x i m u m  value of  yt(x).  By v i r tue  of  L e m m a  3 we have  

y ( z )  - y(~o) > a(~ - ~o) - ~ Oh(z - -  z~)~ ; 

but by a s s u m p t i o n  ] y ( x ) - y  (x0)] < Olh2; t h e r e f o r e ,  for  any x 

a (x - -  xo) - -  @ Oh (x - -  xo) 2 ~ 01h~ 

in pa r t i cu l a r ,  for  x = x0 + (a/Oh) 

Oh 2 Oh 

o r  

a < U2-~h3/2 .  

LEMMA 6. In addit ion,  if y~ < kh 2, then 

k 
ly" (x)! < - -T" (35) 

log 

P r o o f .  Reta in ing  the method  p re sen t ed  for  the p roo f  of  L e m m a  3, Iet  us  find the e x p r e s s i o n  for  the 
funct ion P ~  = ~3p / ~3 ,  obtained f r o m  (24), on the one hand, and f r o m  the value of  Q" = 82Q/~2,  on the o ther .  
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In conformi ty  with (25) and L e m m a s  3 and 4, we have 

t 

p , , =  v_~ y,., -;----Yi-~ 2vv '  , _ T.._y,y,4v _ ~2v' y'~ = ( t +  Oh)Q " - kl~-~, 

where  it is evident that 

(36) 

3 

y ' =  (t + O h ) Q " - - k h  ~ 

Now, let  us cons ider  the point ~1 at which IQ"[ r e a c h e s  the absolute  maximum.  
the function Q"(}) a lso  r each  the absolute  min imum at this point: 

q" (t) f> Q" (h) - Q~. 

In conformi ty  with the Po i s son  formula ,  at the point [~1, Y (~1)] we have 

p,,, q ~ " ,  n I ~ q - Q l  dt k , =--~-'~ ~ - ~ - - ~ -  ) ,-, t - ~  + - ~ - q ,  (37) 
"-~ sh~ 2" ~'1 

or since y~T and Q'(~, v) in addition a r e  of the order  of h 2, the r e m a i n d e r  t e r m  is bounded, and, t he re fo re ,  
f rom (36) and (37) we obtain 

For  def ini teness ,  let  

where  

and by vir tue  of L e m m a  3 

Hence,  

~ - j  . ,  # t _ ~  d t > O q " i + k ,  

O < . Q " - Q ~ < 2 Q " ,  

IQ'I < kh. 

Q. Q~ d t >  2~" ~ , f  , f d~ 

1 _ _  h i  

We the re fo re  obtain a re la t ionship  analogous to (27'), which yields  

log-j~ 

(38) 

8.  E S T I M A T E  O F  D E R I V A T I V E S  O F  T H E  W A V E - L I N E  V A R I A T I O N S  

Let  two l ines F 0 :y  = Y0 (x) and F 0 :y  = Y0 (x) + 6y 0 (x) be given, where  Y0 (x) sa t i s f ies  the conditions of 
Sec. 7 and L e m m a  6, and the function 6y 0 (x) is such that  

I@o(X) - -  8'1 < eo, 
�9 5 to ]@o(x)l < kh ,-, 

I@g (x)l < ca~ 

(39) 
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Moreover ,  the wave l i n e s  F : y = y (x) = H{y  0 (x)} and F :y  = y (x) + 6y(x) with the identical  per iod 2~0 
co r re spond  to the l ines F 0 and F 0, which sat isfy the conditions taken in Sec. 7, and such that 

[Sy(x)/~.~e, A {Yo (x)} =0 ,  IA {Yo + 8Yo}l = O. (40) 
,~.t<:l ~ 

Obtaining e s t i m a t e s  for the th ree  der iva t ives  found for the function 6y (x) is the p rob lem of L e m m a s  
3-6.  Because  we do not use the s y m m e t r y  of y (x) in the subsequent assumpt ion ,  we can r educe  the p rob-  
lem of es t imat ing  1By'l, 18yWl, 1 6 y ' l  to the es t imat ion  of the s a m e  quanti t ies a t  some fixed ne ighborhood  of 
the point x = 0 by t r ans la t ing  the origin. By analogy with the previous  section,  let  us p e r f o r m  the calculat ion 
in the va r i ab l e s  ~, ~ and in conformi ty  with this ,  let us reduce  the data of the condition to the va r i ab l e s  ~, ~. 

Le t  the cor respondence  

~=~_(.), z=x(~); ~(o)=z(o)=o; 
~-= L(*), .=z~(~); !L(O)=zI(O)=O, 

be es tab i i shed  by vi r tue  of the conformal  mappings z = z (~) = x (~, ~) + iy (~, */), z = z 1 ( ~ ) =  x i (~, ~) + iy(~ ,~) 
of the domains  D (I~0, F) : D (F 0, F) onto the s t r ip  0 < ~ < h i between points of the l ines F, F and the line ~ =h 
and the cor respondence  

~_ = }i  ~  z = x l  ~ (r  

between points of the l ines r 0, F0 and the line ~ = v. We have 

x 
V 1 

cos q ) dx, 
0 

(41) 

where  Q and Q1 a re  the s lopes  of the curves  F and F re la t ive  to the x axis  and V and Vt a r e  the ve loci t ies  
of fluid motion at cor responding  points of I" and F .  Retaining only the pr incipal  t e r m s  in the r ight  side of 
(41), we obtain 

ag x 

~ l ( x ) - -  ~(x) ( ' V , - - V .  ~ VsinQlr - - Q ) d x .  
= J ~7--o--o~aX--j ~ , , ~ l  

0 0 

Noting that  ]Vl-Vl < 28/h by vir tue  of (1), I01 < kh z/2 by vir tue  of L e m m a  4, and integrat ing the second in- 
t eg ra l  by pa r t s ,  we obtain 

x 

ke . ~  z.r3/-) i ~ . ~  k8 I~l (x) - -  ~ (x)l < " i f "  x , tr " j  ff2x - -  Q) dx  < W x -4- khafZ s, 
0 

lea (x) - -  ~ (x.)l < ~ -  x + kha/m~x IQJt - QI x.  

Moreover ,  d~l/dx = 1 + kh. Hence,  

k8 l f x  (~)1 "= Ix1 (~) --  x (~)l < T ~ -}- khalZe' 

and also  

. khmaxtQ1 - -  Q~. 

(41') 

(41") 

(42) 

(42 ') 
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It is imposs ib l e  to obtain an ana logous  e s t i m a t e  for  the c o r r e s p o n d e n c e  be tween the l ine ~? = 0 and F0; 
thus ,  for  this  c a s e  we e s t i m a t e  

(~ (~) = j' Ixt (~) --  x (~)1 d~. 
0 

Let  us  f i r s t  c o n s i d e r  the c a s e  when Y0 (x) = v and e '  = 0. Under  these  condi t ions  it can be shown by 
us ing  T h e o r e m  1' in [2] that  we obtain the  m a j o r a n t  for  q if we se t  

6yo(x)=eo for 0 < x < ~, 

5yo(x)------50 for x < 0 and: x < ~. 

On the o ther  hand, wi thout  changing  the o r d e r  of  ~, 

Howeve r ,  in this c a s e  we will  have  

~ y o ( x ) : O  for Ixl < ~, 
6yo(x)-------s for x >~ ~. 

~x' (t) = ~ + - -  ~ ,  

In t eg ra t ing  th is  equat ion twice ,  we f inal ly obtain 

o = J" < + 

t < [ .  

~ = 0 .  

It can  be shown by an addi t ional  c o n f o r m a l  mapping,  that  the s a m e  e s t i m a t e  wil l  hold even in the gen-  
e r a l  case .  

F o r  the l ines  P and F let  us se t  

Y=y[x(DI =Y(D, 
y =  y[ x~(~.) 1 + ay[ z~(~)l = ~ ( ~ ) +  ~ ( l ) ,  

and ana logous ly  for  the l ines  F 0 and I '0,  

y = yo[z~o:( ~.)1 = ~o(~), 

y = y o ( Z ) + 8 ~ o ( X ) = ~ o ( ~ . ) + ~ o ( [ ) .  

B e c a u s e  of (41) and the condi t ion lyT[ < kh 1/2, we obtain 

S ta r t ing  f r o m  (41'),  let  us e s t ima te  j'16yoid~, a~>O. We have 
a 

a ~ ~ a 

(43) 

Let  us  note 

15y'1 < [6y' I (t-+Oh)+khe~+khl/~n. (44) 
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Let  us now find the es t imate  of 5y~, By" and 5y t ' .  

LEMMA 7. For  ~0 < kha we have 

t@'1 = [~; (x) - u' (z)l < 
1 ~ h Iog-~- 

where k is a constant dependent only on the constant k introduced ea r l i e r .  

Proof .  Let  m(~) denote a function equal to 2e 1 for ]~I < 1/k~fh and 2k~fhe I~1 for I~l m 1/k4-h, and let 
m01~ I ~e  a func t ion  equal to 2% for ~[ < (%/ke)h-3/2,  and 2kh3/2e~ for the remaining values of ~. By v i r -  
tue of (42) 

I I  

I~  ([)l < m ([), .I lS-Yo ([)l d~ < m o ([)[- 
0 

Let  us examine the segment l~I ~ 1/2x urn. Le t  the function I 5~'r(~)I cons idered  on this segment r each  an 
absolute maximum at the point at, tatl - 1/2kq'h, and for definiteness this will be the maximum for 8yt(~). 
Under these conditions it can be seen that a point a exis ts  on the segment [ai, 2 e /~ t ( a t ) ]  which possesses  
the following property:  If a tangent L to the line y = 8y(~) is drawn through the point [a, By(a)] ,  our line 
will be below L to the r ight  of a and above L to the left; we will hence have at the point a 

q=8~(a) > 8~'(al), 8,~"(a)--=O, (45) 

To obtain the requi red  es t imate  of q, let  us express  the value of the second der ivat ive of the function 

in t e r m s  of q. In conformity  with (1), we have 

cosQ1 cosQ ~ _ _ _ ~ s  Q 6V- -  sinQ 
8z' (~) = v, v . --V-- 80 + . . . .  

where 

v=V~---:~, v,=Vc - ~ ,  
= ~ ' v ,  tgQ tgQt = y;gl, 

and by vir tue of (8) 

which means 

6 v  = - 8-~-~ (i + oh), 

+ y --"t ,~ . . . .  (46) 

Hence, taking (45) into account, at the point a we will have 

8x" (a) = ~ (t + 0h) = ~ + 0h. (47) 

Now, let us find this same quantity by consider ing x (~) as  the boundary value of a function conjugate to the 
function 8y (~, 7?). We have 
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(48) 

T h e s e  r e s u l t s  fo l low d i r ec t l y  f r o m  the P o i s s o n  f o r m u l a  that  if the funct ion 6y  r e c e i v e s  a pos i t ive  (negative) in- 
c r e m e n t  to the r i gh t  (left) of the point  a,  then the r igh t  s ide  of  (48) d imin i shes .  Ana logous ly ,  if the funct ion 
6y  0 r e c e i v e s  a pos i t ive  (negative) i n c r e m e n t  to  the r igh t  (left) of  the point a,  then the r igh t  s ide  of  (48) a l so  
d imin i shes .  T h e r e f o r e ,  we obtain a lower  bound for  6x"(a) if we r e p l a c e  the funct ion 6y  in (48) b y v  (~, ~?), 
which exceeds  the value of  p :P (}) = 6y  (a) + q (} - a) on the l ine ~? = h i when } be longs  to the in t e rva l  T : 
[6y{a)  + q ( ~ - a ) !  < m(~) ;  p = m ( } ) w h e n }  i s t o t h e r i g h t o f ' y  and P = - m ( ~ )  when } is to the left  o fT ,  and the 

value  of p on the line ~ = 0 is such that  ~f pd~_ = m o (~) (~ -- a) f o r  ~ > a and S pd~ = - -  m o (~) (~ - -  a) for  ~a < a. 

Le t  us  r e p r e s e n t  the funct ion v by the sum  

v(~, n)=vl(~, n)+vJ~, ~), 

where  v I and v2 a r e  h a r m o n i c  funct ions  defined by the condi t ions  

v1(r hl)=v(r h), ivi(r 0)=0, 
vgr hd=O, 'v,(L O)=~,(L'wO). 

By v i r tue  o f  the r e a s o n i n g  p r e s e n t e d  above ,  at  the  point  a we have  

> # JOy1\ O2v~ 6x" (a) "5~.. ,--~-| -~ �9 (49) 
a~an u' l  \ ~ ]  

We obtain  for  the f i r s t  componen t  by m e a n s  of the P o i s s o n  fo rmu la  

t 

o_~o~ ,  > + . ~  h~ -~ ~ h' ~ 
2~, sn-'2--~1 h~ sh2 2 h I t sh2 2 h I 

o r ,  t ak ing  into account  tha t  q > ~, and in tegra t ing ,  we obtain  

[ ] (50) 

Apply ing  the s a m e  P o i s s o n  fo rm u l a  fo r  the second n u m b e r  in (49), in tegra t ing  by pa r t s ,  and tak ing  a c -  
count  of (41n), we obtain 

o - ~ -  I < ~r  j r ~ < -'r + khe. 
0 h, h ~ 

C o m p a r i n g  (47), (49), (50), and (51), we obtain 

(51) 

~q [cth-~--t] -Qq k% 
h L q h3/2" 

T h e r e f o r e ,  e i ther  

]~8 o q < ~ ,  
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or  

eth <~- --1 < Oh, 

i.e., 

k~ 

q < h  log+"  

We obta in  the d e s i r e d  e s t i m a t e  if we a l so  use  (43). 

LEMMA 8. F o r  e > 0e0/hZ/~ we have  

k~ 
1By" I = lye(x) --  y" (x)l < ~ - .  (52) 

P r o o f .  F i r s t ,  let  us  go f r o m  the v a r i a t i o n  6y"  to the v a r i a t i o n  6y" .  In c o n f o r m i t y  with (41), (46), and 
{47), we h a v e  

6"y" "" ~x ~ x "2 ' y' - -  y'  = ~ ~ ~, , - r  (x) x'Z -~ (x~) x'~ + 8~'z'~ (~) z" + ~ " ~ 7  = 

. . . . . .  x '~  - ' 2 . . . .  ~ ' ' y ' S x "  8y 'x~  6y"x~ ~ " - ~  u - o x  ~ - ~ ' x " S x +  + + . . .  

(53) 

Hence ,  tak ing  into accoun t  (41) and L e m m a s  2-6 ,  we obtain  

r ke @, = (i + Oh) 8u' +_. - - - - -7 .  

The  p r o b l e m  is  t h e r e b y  r e d u c e d  to e s t i m a t i n g  ~y" .  

Re t a in ing  the me thod  p r e s e n t e d  to p rove  L e m m a  6, le t  us c o n s i d e r  the  funct ion By" on the  s e g m e n t  
[ -~1 ,  ~1], ~l = k~rla and le t  a I denote  the point  a t  which 18y"l r e a c h e s  the  abso lu te  m a x i m u m ;  le t  the m a x i -  
m u m  for  5 y "  hence  be r e a c h e d  a t  a and let  it not be  l e s s  than h s  In th is  c a s e  it i s  s een  tha t  t h e r e  is  a 
point  a in the s e g m e n t  [a l, a 1 + q - ~ ' ]  such tha t  for  any  ~ we will  have  

--u(~)=Sy(~) -- ~(a) -- 8y'(a)(~ -- a) -- ---~ ~"(a)(~ -- a)' > O, 

and, moreover, 

q=6-y"Ea)~8- ! [ '  (ax). 

Now, le t  us e x p r e s s  6 x ' ~ )  in t e r m s  of va lue s  of  6y(~) and 5y0 (~). To  th is  end,  le t  v t (~, ~?) and v2(~,~?(, 
r e s p e c t i v e l y ,  denote h a r m o n i c  funct ions  def ined by  the  bounda ry  condi t ions  

v,(~, h)=~([), v,([, o)=o, 
v,([, h)--O, v..([, O)--6yo([~). 

We have  

: dr; 1 Or.,. 

~l=h ~l=h 

Using  the P o i s s o n  in teg ra l ,  we obtain  

o~ ~ .~ 
011 = - h - ~  J 6~-" ( a ) ( ~ -  a)' d~ Wi- ] " 7 ~-c--_ a 

sh '* '2  h ~ sh~ 9~ ~" 

khq  
•174 ~ 

(55) 
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In conformity with (43), for Ictl < o 4"h we obtain 

O~'o 3/9 ~'2 

_~ e , t -~  h 

Let us compare  (46), (54), (55), and (56). According to (46) and Lemma 6 

If fx~om the opposite 

8x '  (a) = + 0+. 

g ~  
q >-~- ,  

where K is selected sufficiently large as a function of k and 0, and if 

eo<Ohe I. 

then by virtue of (54), (55), and (56) we obtain 

co 

f ix' ( a )  = - -  4- K k e  ~ ~ ~ ~ - -  a "  

- sh -~- ~7 

Therefore ,  by equating (57) and (58), we obtain 

f$ 

t I + u(~)d(D > O h q .  ~ .~ -~,~ ~ - ~  

Hence, in order  to a r r ive  at a contradiction,  let us evaluate 5x"(a) .  
that 6ym(a), we obtain 

8 x "  C+) = q ( t  I- oh,) - t  o~ , 
h tug 

Differentiating (46) and noting 

(56) 

(57) 

(58) 

(59) 

Let us express  this same quantity in t e rms  of <,alues of ~y"(~) and 5y~(}) by means of the Poisson  
formula.  Using the functions vl(}, ~?) and v 2 (~, ~?) introduced above, we obtain 

(60) 

We have for the fir st member  

~ x "  (a) = [ ~ j ~ = ~  + t ~ J ~ = ~  
"q=h l l = h  

(61) 

# 02vl h ,x t + u" (~) d~ 
orion'- = ~ + ' ~  j ---~-~_' : , , '  

--~ sh~ -~ " h 

and by using (43) for the second we obtain 

co 

~ o~ S I~--al+k/~ 3/~ d~ ~ O~ 
0~ Oq ~ ~ ch 2 g - -  a h3/--{" 

- -oa  h 

(62) 

(63) 
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Assuming  q to be l a rge  compared  with r  and using the condition 

~.. < Qh'V"-e, 

f rom a compar i son  of (60), (61), (62), and (63) we obtain 

T 

--'~ sit2 "72- h ' 
(64) 

where K can be taken a r b i t r a r i l y  large .  Integrat ing (64) twice by pa r t s ,  we obtain 

5 ~.----a ~ -if" 17 . sh" 2 h 

which cont radic ts  (59) for la rge  K. 

The following re f inement  of L e m m a  6 follows di rec t ly  f rom what has  been proved.  

LEMMA 9. Under the conditions of L e m m a  7 we have 

lay'[ = lYl (x) - y' (x) < ~ .  (65) 

LEMMA 10. For  e0 < kh2e 

18y'l = [y;' (x) - y" (~)l < - -  t" 
h "~ log ~-t 

(66) 

Proof .  In order  to be able to p e r f o r m  a calculat ion in the va r i ab l e s  ~, ~?, let  us find an e s t ima te  for 
Qm = [}3Q/~3 for ~? = h. Start ing f r o m  (24) and (25), and having e s t i m a t e s  for  Q, Q' ,  and Q", it is e a sy  to see 
that ]P"I < k, IPml < k /h log(1 /h)  and Qm = ~IV(1 + Oh); hence,  taking (24) into account,  we obtain 

pIv = OQ~'__. ( 6 7 )  
h 

Taking into account that the function ~20/0~2 is conjugate to the function 02p/0~2 for ~7 = h we have 

OP" Q,, ,=-~- .  

Let  us cons t ruc t  the harmonic  functions P~ and P~: 

[p" for "q "= h ,  

P 0 = [ 0  for , l = o ;  
{ 0  for r l = h ,  

Pt  = for ~l = 0 ; 

we evidently have 

Q" Op o OP~ = ~ -~- --~. ( 6 8 )  

Let ~0 denote the point at which IQ•I r eaches  an absolute e x t r e m u m  and let  us e s t ima te  each of the 
m e m b e r s  on the r ight  separa te ly .  We have 
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i : t (~o) d~ 

--a, sh= -~ h ] i--P, ol>a sh~ 2 h 

The  las t  i n t eg ra l  is evident ly  z e r o  for  any a > 0. Not ing that  

[ P " ( t + )  - -  P " ( ~ o ) l < k ,  

le t  us  se t  

a =  ] i /  * ~  

then (69) can  be r e w r i t t e n  as  

";' ' S 
t {" IPlvI (g -- r d~ + = k de k + 

- ~ l < : + T ~  j . . ~ _ ~ .  -:~: _ < :  k v ' . -  . 

Let  us  t u rn  to an e s t ima t ion  of the second  m e m b e r  in (68). We have  

OPlO.q h'ffk i P (~,)--  ~ "  .'~ ~--s d k f P(~t,O)--P'(~,O) . . . .  ~ - -  = ~ -y ~- -_~  
- - c o  - - o o  

Let  us  e s t i m a t e  [P'(}, O)-P'(~o, 0)] by c o n s i d e r i n g  P a s  a funct ion con juga te  to Q, 

i P'  (~, 0) = -K {Q (~,h) - -  Q (~, 0)} + 

o v  

I t " Q ( t , 0 ) - Q ( ~ , 0 ) - ( t - 5 ) Q ' ( L 0 )  dt  
+ Y ~ . ,  = a t - ~  

_ =  sh ~- h 

n t : Q(t,h)--Q(~,h)--(t--DQ'(~,h) + ~--~ j "----K'-~---~ ~" " dt. 
--*o sh t ~ -  ~ + k 

T h e r e f o r e ,  taking the expl ic i t  e s t i m a t e s  for  Q and the i r  de r i va t i ve s  into account ,  we obtain 

IP%, o) - P'(r 01<k 1r162 kh; 

but then (72) will  y ie ld  

(69) 

(70) 

(71) 

(72) 

iOnl  < T "  

Now comparing (63), (71) and (73), we obtain 

which f inal ly  y ie lds  

k 
IQ'l <--s 

By v i r tue  of the e s t i m a t e s  obtained e a r l i e r ,  6Q"  can be r e p r e s e n t e d  as  

(73) 

(74) 

6Q" -- By" ' ks , 
- -  q- I 7 Q " f x ,  

h log ~" 
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f r o m  which,  by tak ing  accoun t  of  (42) and (74), we obtain 

I~y"l = laO"l + ~ (Oh + ~). (75) 

Thi s  m e a n s  tha t  for  pur  p u r p o s e s  it is suf f ic ient  to p rove  tha t  

F r o m  the oppos i te ,  le t  us a s s u m e  tha t  t h e r e  is  a point on the s e g m e n t  I~ [ < k ~  a t  which 

(76) 

1' h2 log 

w h e r e  K is  l a r g e  t oge the r  with l / h ;  but  then a c c o r d i n g  to L e m m a  7, 18Q'[ < 0 e / h  and t h e r e  is  a point  ~0 in 
the i n t e rva l  ] e ] < 2k~f'h such  tha t  

18Q" (~-o)l > K~ 6Q" (~o) = O, t '  h2 log -~" 

hence ,  e i the r  

~'(r;) (~<sq'(~o)+~"(~o)(~-~o), ~>t~o, 
~> 8Q'(~o) + 8q"(~o)(~- ~0), ~<~o, 

o r  

8Q (r (h)(r ~>~o, 8Q'(~) { > ' " 
~<SQ'(~o)+ 8Q"(~o)(~- ~oi, ~<~o. 

F o r  de f in i t enes s ,  le t  us  i nves t iga t e  the  f i r s t  e a s e .  By  v i r tue  of  (24) 

6~" 
8P (1 + Oh) = ~ - - ( t  + Oh) + - - Z -  

or  se t t ing  q = ~Q"(~ 0) and t ak ing  (75) into account ,  

k~ 
, (77) 

h log T 

8P"  = ~ C 1 + Oh). 

Le t  us  find 5 P  m by  c o n s i d e r i n g  8 P "  as  a funct ion con juga te  to 6 "Q. We have  

6P"  (~) = ~ aQ". (78) 

In the s t r i p  0 < T/< h let  us  c o n s t r u c t  h a r m o n i c  func t ions  ui (~, 7) and  u0 ($, ~ ) with the  b o u n d a r y  condi t ions  

u I (~, h) = j" 8Q (~, h) d~, u. (~, O) = O, 
0 

u~ (~, h) = O, u~ (~, O) = J' 6Q (~, O) d~. 
0 

In c o n f o r m i t y  with (78), we have  

Ou; 0 0 a u  ~ 
6P" (~o) = ~ + o~ o~" (79) 
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Let  us  e s t ima t e  each of the m e m b e r s  in the r igh t  side of (79) separa te ly .  

For  the f i r s t  m e m b e r  we have 

2 h 
(8o) 

In conformi ty  with the r eason ing  which has  been used repea ted ly  above,  and taking into account  that 
16Q'I < ke /h ,  we obtain the leas t  value for the in tegral  in the r ight  s ide of (80)if we set  6Q ~ = q for  I~-~01 < 
kel /qh  and dQ" = 0 for the r ema in ing  values  of ~ .  The re fo re ,  

• s h - T -  s 
qh 

(8~) 

Let  us examine  the other m e m b e r s  in (79). We have 

(82) 

Let  us obtain the es t imate  of In conformi ty  with giving u2, by a s suming  ~0 >- 0, we have 

= .t" lull d~ ~< .I" I=~1 d~ = 8Q (K, 0) de .  
~, 0 

For  the subsequent  calculat ion we consider  that by re ta in ing  just  the pr incipal  t e r m s  we have 

y'-----tg Qep=Q~-QP, 

8y'(~) ~ ( 0 ) =  u~ + J" PSQd~. + .~ Q~Pd~ 
0 0 

o r  

0 

Consider ing that IQ (~, 0)l< k hS/~ and IQ'(~, 0)1 < kh 2 for the las t  two in tegra ls ,  we have 

 loi I ~ ~ 1 7 6  .l d~ P6Qd~ ~ J" Wvl d~ + .t' ~ i' IP'vl da < kht/2v, 
o o o ~ " 

< kh 5/2 ,!" I~xl d~ -:- kit' .t" d~ j" 16~ I d~ < khS/Ze~ 4- 1,'h r'/u eo I~1 + J;he I~1 = '~- ~-h~eo~ -~. 
O 0 0 

This  means  that taking account of (42 ~) and the condition I~01 < k,/~, 
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Subst i tut ing the exp re s s ion  found for  v into (82), we finally obtain 

a e)S+t ~1 --9/2 ]~.1~k--5/2 
~ t  < k~J+ + t,~h -5.'+ < 

C o m p a r i n g  (79), (81), and (83), we obtain 

6P"' (~) > -'- eth ~ -- 1 --  keh-~/2. 

C o m p a r i n g  this inequali ty to (77) and taking (75) into account ,  we find 

e , h I/2 + < k h t / 2  cth ~ -- 1 < Oh -+- -K- log  

o r  

which con t r ad i c t s  (75). 

k~ 
q < - - - - - T - '  

h ~ log T 

9 .  E S T I M A T E  O F  T H E  D E R I V A T I V E  O F  T H E  R E M A I N D E R  T E R M  

(83) 

Star t ing  f r o m  the e s t i m a t e s  obtained above for  va r i a t ions  of the de r iva t i ve s  of  the wave line, let  us  e s -  
t imate  the va r i a t ion  of the r e m a i n d e r  t e r m  in the app rox ima te  fo rmu la  (2) upon going f r o m  this  wave to an 
infinitely c l o s e b y  wave.  Us ing  the notat ion (1), (17), let  us a s s u m e  

(84) R = l ( r o ,  r ) - - I ( r o ,  r ) = l l ' ( z , ,  to ,  r ) l - l / ' ( z l ,  za).-t-ky'~-q-z. 

Let  the funct ion F (z) (F (:~ r = zl), F (+ ~) = zl) which r e a l i z e s  the c o n f o r m a l  mapping  of the domain  D(r0,  F) 
onto the domain  D (Co, C) upon c o r r e s p o n d e n c e  between the infinitely r e m o t e  points  of D ( r  0, F) to the angu-  
lar  points of the c r e s c e n t  D (Co, C). A l ine pa ra l l e l  to the  x ax i s  and pas s ing  through the point  z0 is taken 
as  C o . We evident ly  have 

l ' (z .  to ,  r)=l'(z .zlF'(z,))  

or  r e t a in ing  only the p r inc ipa l  t e r m s ,  

I/'(z,, ro, r ) l =  I/'(za, z,)l'q-2ly(z,, zl)l ~ loglF'(zl)t; 

hence ,  

R=2IY(z , ,  ~.,)I + loglF'(go)l+ ky'*-.-l- r. 

LEMMA 11. Under  the condi t ions  of L e m m a  10, we have 

18RI < z-'-q-, 
log--~- 

where  k is a cons tan t  dependent only on the cons tan t  k in the condi t ions  of L e m m a s  7-10.  

P r o o f .  In con fo rmi ty  with (85), we have 

(85) 

(86) 

(87) 61F'+ J _+~_.ri , "Y Y +R = ~ ~ ~- 4 l/'l tog IPI + I/'I + k '+ ' + 8r, 
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where we consider  the variat ion for a fixed value of x = Xl, lxll < k~fh. In conformity with the es t imates  ob- 
tained above, the last  three members  in (87) will be on the order  of ~r means that it is sufficient to 
es t imate  the f i rs t  member .  Let C denote the contour which passes  through the point zl = xl + i [y(xl) + 
6Y(Xl)] and is tangent to F at this point, and let Co be a line parallel  to the x axis and separated f rom it by 

the spacing 6Y0 (xl) 

Let  us map the domain D (Co, C) conformally  into the domain D (Co, C) under_the condition of cor respondence  
between the angular points, as well as the points zl, zl. Hence, let the line F go over into the line 7 and the 
line r0  into the line T0. Let us map conformally  z '  = y  (z), r (* ~) = :~ ~ ,  r (zl) = zl the domain D (F0, r )  into 
the domain D (70, 7). By virtue of the e lementary  rule of differentiating complex functions, we obtain 

IF'l IF'I log [~' (z~) I. (88) 

Let p = p (x) and P0 = P 0 (x), respect ive ly ,  denote the differences between ordinates of points of the lines 
T, F and To, F0. Let us es t imate  each of these  functions separately.  T o  this end, let u (x), u0 (x) denote the 
difference between ordinates of the points C, F and Co, F0, u (x) and u0 (x) the difference between ordinates 
of the points C, F and Co, F 0. By virtue of Lemma 9 we have 

l u ( x ) -  ~ (~)l < k~ i x _  x,l~ t h ~ log 

and by assumption 

luo(X) - -  Uo(x)l < ~o < kh~e. 

Hence, taking Lemmas  7 and 8 into account,  we obtain 

p=-g(z) - ( t + , 0  u (z+vx), 

where  [/z[ and Ipl do not exceed ke /h ,  i .e . ,  

Ipl < k8 
h~ log 

Ix - -  xl l  3 § T u + - i -  u" Ix - - :x l l ,  

or noting that u = f f f y ' d x  ~ and using Lemma 5, 

IVl< k~ I x - x l F .  t h ~ log y 

Per fec t ly  analogously, for the function P0 (x) we obtain 

Ipol = luo (x) --  (1 + ~) u o (x + 6x)l < % + I~ luol + kuo 16xl, 

where the function 6x sat isf ies the inequality 

x 

16 (x)l dx < ~ (x - -  xi) ~ -~ k% [ x - -  xi[ 
Xl 

by virtue of (41'). 

Now, let us use the Poisson  formula.  In conformity with the definition of the function y (z), we shall 
have 

k Ipldx k ~ IPJdx < k8 
l log[w'(Zl)l i<~ sh~--z--x~ ~ h2 ~ sh 2 _ n x - x t _ k  log--l" 

- - ~  2 h - - : r  "2 h h 
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1 0 .  C O N T I N U I T Y  O F  T H E  O P E R A T O R  H { y 0 )  

A N D  T H E  F U N C T I O N A L  A { y 0 )  

Let  us tu rn  to the main  p rob lem fo rmula t ed  in Sec.  6. Let  us  a s s u m e  that  for  s o m e  c l a s s  {Y0 (x)) of 
l ines  with pe r iod  2~, the solut ion of  this  p rob l em y = y (x) = H{y0) ,  y (0) = h + ~ exis t s .  In this  sec t ion  we 
shal l  show that  this  solut ion depends cont inuously  on Y0 (x) and we a l so  es tab l i sh  the deg ree  of  this  cont inui ty.  

LEMMA 12. Le t  16y0 (x)l < %, A{y0) = 0 and let  Y0 (x) sa t i s fy  the condi t ions  in Sec.  8 and such that  

[~Vo(x ) _ yo(x) I < vh a, (89) 

whe re  v tends to z e r o  toge ther  with h and ( I 1 ) h a s  an in tegra l  of  the funct ion Y (x, c~) denoted in Sec. 4, for  
= Y0 ( x ) - h ,  where  2h 2 > ~ > 2h - /~ ,  l im g = 0; then for  a suff ic ient ly  smal l  e 0 we obtain 

P r o o f .  

kEo is H{U0}I = I!u0 + 8u0} - -  H {u0}l < ~ ,  

~1 k~o 
16A {Uo}l - T .  

Let  us  show f i r s t  that  for  lx] < k~-h we have 

Indeed,  along the l ine F : y = (x) 

but  in con fo rmi ty  with (5) and L e m m a  6, 

(90) 

(90 ' )  

I Y - -  Yl < kvh"-. (91) 

I(ro, r)=l(ro, r)+R=O; 

IB I kh' < - -  t '  log =~ 

f r o m  which we obtain the d e s i r e d  inequal i ty  for  ]x[ < k4"h by applying L e m m a  2. 

Hence,  taking account  of  the p r o p e r t i e s  of the funct ion Y (x, ~) noted in See.  4 for  ot c lo se  to 2h 2, for  
the funct ion y (x) for  xV~h < x < ~ we have 

Now, let us  p rove  that  if 

y(x) < h - -  Oh ~, 0 < o < t .  

then 

- . ~  
[AI . :  h ,  

(92) 

1@1 < k~l. (93) 

Fo r  def in i teness ,  let  us  take A < 0 and let  us a s s u m e  the opposi te ,  i .e . ,  tha t  

K [A I 
Isyl > h , 

where  K can be taken a r b i t r a r i l y  l a rge .  Le t  k 0 denote the point at  which 16Yl r e a c h e s  i ts  g r e a t e s t  value and 
let  us  examine  two c a s e s  s epa ra t e ly :  a) x o < k~fh, b) Xo ~- k~fh. 
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Let  us s t a r t  with the f i r s t  c a se .  

Le t  ISy (x0)f = K01Al/h, K 0 >- K. At the point  x0 we have 

w h e r e  in c o n f o r m i t y  with L e m m a  2, 

and in c o n f o r m i t y  with L e m m a  11, 

5J=5I+fR=O,  (94) 

1811 K o - - K  > - - t - -  Ial ' (95) 

k 16y (xo}l : kKo IAI (6R] < 
i h log (96) l o g  --~ 

C o m p a r i n g  (94), (95), and (96), we a r r i v e  at  a con t rad ic t ion .  

Now, let  us examine  c a s e  b) when x0 ~ k~fh. Fo r  def in i teness ,  let  us  a s s u m e  that  5y  (x0) = 16y (x0)l = 
KoIAI / h .  As in c a s e  a), we have  the r e l a t i onsh ip  (94). Le t  u s  e s t i m a t e  5 I  a t  the point  x0. By v i r tue  of (92) 
and the condi t ion 

we find 

5y"(zo) <~ 0 

8I  < 6gOh__L k As 

which con t r ad i c t s  the r e l a t i ons  (94) and (96). The c a s e  when 5y  (x0) < 0 at  the point x0 is c o n s i d e r e d  p e r -  
feet ly  ana logous ly .  The  inequal i ty  (93) is t he r eby  p roved  comple te ly .  If  ]A] < k % / h ,  then we show b y  ana l -  
ogous r e a s o n i n g  that  ] ~Yl < k c J  h2. Th i s  m e a n s  that  t h e r e  r e m a i n s  to e s t i m a t e  ]A]. Let  us aga in  l imi t  o u r -  
s e l v e s  to  the  c a s e  A = - A  1 < 0. L e t  us  a s s u m e  the  o p p o s i t e ,  i . e . ,  t ha t  

k~o A 1 > -'W' 

where  K is a r b i t r a r i l y  l a rge .  By the condi t ion  a long the c u r v e s  r 0 : y  = Y0 (x) and F : y  = y (x) we have  

l i f o ,  F ) + R = 0 ,  

and a long the c u r v e s  r o : y  = Yo (x) + 5y  o ( x ) - A  1 and F : y  = y (x) + 6y(x) 

l i fo ,  r ) + R + a R = o ,  

where  by v i r tue  of (5), (93), and L e m m a s  6 and 11 we have 

IR} < -kh~ ; 
log -~- 

[Sal < kA, . 
t 

h log-~ 

Hence ,  c o n s i d e r i n g  the va r i a t ion  ~I  and taking account  of (91), we obtain 

9 [ i Oh-" 5y"--=--~ Y - - h - - - - ~ v + - - - - - ~ S y - ~  3A , kA [ h 2 ' 1 
�9 log "~-] h z log -'~ 
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Hence,  by v i r tue  of L e m m a  1 for  suff ic ient ly  sma l l  h and for  0 < x < 2k0(h we wil l  have 

6y' > O, 

w h e r e  

for  xl = k 0 ~ .  

Le t  u s  cons ide r  the pa rabo la  

kAt 6y (z~) = -s 

H e r e  k 0 is fixed so that  (92) would hold for x> x 1. 

(P = h ( o ) - - x , )  2 

and let  x 0 denote the point  at  which the d i f fe rence  6y-~o  r e a c h e s  its g r e a t e s t  value.  We obtain in the c o n s -  
t r u c t i o n  

x o > x l ,  y (xo)<h- -6h  ~, ~ y ( x o ) > ~ ' ,  

@ - - ~ - -  [@(zo)--  ~(Zo)l ~<0. 

Not ing this ,  le t  us  again  examine  the va r i a t ion  6I  at  the point x0; for  suff ic ient ly  sma l l  h 

howeve r ,  in the c a s e  cons ide red  

18Ri < kAl l '  
h log -~- 

and we have again  a r r i v e d  at a con t rad ic t ion  to  (94). This  means  A t < ke0/h,  which toge the r  with i93) p roves  
the  l e m m a  comple te ly .  Le t  us  p rove  sti l l  another  a s s e r t i o n  which y ie lds  an e s t ima te  A{y0} for  a spec ia l  
c l a s s  of l ines  Y0. 

LEMMA 1 3 .  Fo r  ~? = Y0 ( x ) - v  let the in tegra l  of (11) be the funct ion Y (x, ~), ~ = 2 h 2 - v h  2 while for  
Y = Yo ( x ) - v  the v e r y  same  in teg ra l  is the funct ion Y ix), Y (0) = Y (0, x) and the pe r iod  of Y a g r e e s  with the 
pe r iod  o f Y  (x, a).  M o r e o v e r ,  v = kh 2, and ly0(x) -y0  (x)] < vh  3, ]A{y0}l < ~h 3. Under  these  condi t ions ,  if  the 
n u m b e r s  v and ~ a r e  suff ic ient ly  smal l ,  we obtain 

IA I oll < 
log T~. 

IH I o/- Y(x)l < kh' t~ 
log ~- 

P r o o f .  I t  can  be seen  that  it is suff ic ient  to examine  the  c a s e  when Y0 ix) -- Y0 (x). M o r e o v e r ,  let us  
cons ide r  A = - A  1 < 0, s ince the p roof  i s p e r f e c t l y  analogous  for  A > 0. Le t  us a s s u m e  the opposi te ,  i .e. ,  
tha t  

A1 = K,hS 
t '  

log ~- 

where  K 1 is a r b i t r a r i l y  l a rge .  Le t  us c o n s t r u c t  the in tegra l  cu rve  Ty = Y1 (x, a )  of (11) b y  se t t ing  ~ = 
Y0 ( x ) - v - A l  in this  equation.  We obtain the exp re s s ion  

(97) 
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w h e r e  "F0 i s  the  c u r v e  y = Y0 ( x ) - A  1. 

z(~~ $)=o, 

M o r e o v e r ,  by  v i r t u e  of L e m m a  6, a l o n g  the  l ine  F : y  = H{yo} = y{x~  

ll (to, r)l < ~h, 
I . t"  ( 9 8 )  
og 

T h e r e f o r e ,  by  v i r t u e  of  L e m m a  2 fo r  lxl < xl  = x~fh, we w i l l  have  

]Y~ (x, a) - -  y(z)i  < k,h"- t '  
log ~" 

w h e r e  xl  can  be  c h o s e n  so  tha t  Y (1/2xoa) < h - 0 h  2. 

(99) 

M o r e o v e r ,  by  v i r t u e  of  L e m m a  1 and (97) for  x = l~x 1 

and for  x = xl 

- log "~" 

( l o o )  

5Y ---= (ks + k3} K1h I 
i 

log -ff 

L e t  us  c o n s t r u c t  the  p a r a b o l a  

(kt + k~) Kth ~ (x--co) 2 
q D = q ~ ( x ) =  1 " i 2" (101) 

By v i r t u e  of  (99) and  (101), we ob ta in  y (x) < Y + p for  Ixl - i/2, wh i l e  

v(x~) > Y(z~, ~z)+~(x~) 

for  x = X2o Th i s  m e a n s  tha t  the  d i f f e r e n c e  y ( x ) - Y  (x, o0-~o (x) wi l l  r e a c h  an a b s o l u t e  p o s i t i v e  m a x i m u m  at  
s o m e  poin t  x0 > 1/2 x,  w h e r e  a t t h i s  po in t  for  s u f f i c i e n t l y  s m a l l  # we wi l l  have  

y(Xo) < h - -  0h% (102) 

Le t  us  i n t r o d u c e  the  c u r v e s  F 0 : y = Y0 (x) and  T : y = Y (x, ~) into the  c o n s i d e r a t i o n s .  By v i r t u e  of (4) 
and (16) at  a po in t  we ob ta in  

5 5 

] (ro, v) = I ( to,  v) + kh ~ = k ~ .  

Th i s  m e a n s  tha t  a t  t h i s  s a m e  po in t  

{J ( to,  v)l > x (t + Oh) - -  h-h 5'2 > (K1 --  k) h~ 
l 

log ~- 

But  by  v i r t u e  of  (102) and  the  m a x i m u m  cond i t ion  y - Y - ~ ,  a t  x = x0 we ob ta in  

l J (to,  v)[ > ] ( r  -~ - ( l  + 0h)hV(xo)  > (K1 --  ~)h'- ~, 0,  u  t ' 
log-ff 

which  i s  i m p o s s i b l e ,  s i n c e  J (F0, F) = 0 by  a s s u m p t i o n .  The  i ne qua l i t y  {97) i s  t h e r e b y  p r o v e d  c o m p l e t e l y .  
H o w e v e r ,  the  o the r  d e s i r e d  i nequa l i t y  (98) r e s u l t s  f r o m  (97) and L e m m a  2 for  lxt < x4T1. F o r  any x t h i s  
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inequality can be obtained if we use the relat ionships 

y(x) < h - -  Oh +', k |  + "h < x < r 

by applying reasoning completely analogous to that presented in proving Lemma 11 and the fir st par t  of the 
lemma under consideration. 

11 .  A U X I L I A R Y  A S S E R T I O N S  

Let us note in addition several  simple auxil iary asser t ions  relat ive to the correspondence  of boundaries 
for conformal mappings of domains which have a common par t  of a boundary. 

Let  the domain D be bounded by the lines F 0 :y  = Y0 (x) and F :y  = y (x), where Y0 (x) satisfies condition 
(20) for v = kh 2, and y (x) is such that 

[y(~,) - h i <~-h:,  Ir < ~'h ~:+, Ir < kh. 

Moreover ,  l e t t he r ebe  givena line r t :y  =yi(x) which separa tes  the domain D into a domain D o :Y0 (x) < y < 
Yt (x) and D 1 : Yl (x) < y < y (x) and hence such that 

0 < Ooh s < y~(z) - -  yo(x) < O~h 3. 

Let us map the domains Do and Dl conformally onto the s t r ips  0 < +l<cch 3, uh 3 < ~_< h l=h( t -~Oh )  r e -  
spectively, under the condition of correspondence between the infinitely remote  points. Let  ~ = f0  (z) and 

= f t  (z) be functions which rea l ize  these mappings ]o(-- o o ) = +  oo, [t(__=oo)=• 

As before,  we let P0 and Pt denote log If'0(z)], loglf~(z)I ,  respect ively ,  and Q0 and Q1 are  functions 
conjugate to P0, Pl ,  Q0 = a r g f ~  (z), Q1 = a r g f ] ( z ) .  

LEMMA 14. Let Y�94 (x) have a continuous derivative, and let x 0 be a point at which yl(x) reaches  anab-  
solute maximum (minimum); the function Yt (x)is l inear in the neighborhood of the point x0. Under these 
conditions, if O0, 01 = k~, lp0,il < k and 

yi (xo) > max Y'o (x) -~ K a h  7'2 (yi (xo) < rain Y'o (x) - -  KczhW2), 

then for  K ) K0{k) at point [x 0, Yt(X0)] line r 1 will have the form 

- -  - -  Po) > k 
d s  " ~ ' 

where ds is an element of a rc  of the line F 1. 

Proof .  Indeed, in conformity with the definition of P, we have 

dPl OPt~P, d-P~ OPoepO 

At the same t ime 

OPl OQ1 ~.~ kh 3/2 2 r k h  2 + v  

O~ = ~ -" -hi < kh'/2" 

c~P o OQo K~h 7,'2 
"~ = "-~ < ---(t-W- = Kh"2  

which means 

d (Pi -- Po) < kht'2 - -  Kht  ~ < khi+a" 

The second part  of the lemma is proved perfect ly analogously. 

LEMMA 15. Let us assume that the lines F 0 : y  = Y0 (x) and F :y  = y (x) have the following proper t ies :  
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ko(~ < y(x) - -  go(x) < k(r, 

ly0 (/)1 < ~, I'/(x)l < ~, 
ly31(x)l<, ' ,  I'r (~){ < ~, 

(103) 

w h e r e  r ,  v; u > ~2 a r e  a r b i t r a r i l y  s m a l l .  L e t t i n g  } = f ( z )  ( f (~ ~)  = �9 ,o) denote  a func t ion  which  r e a l i z e s  the  
c o n f o r m a l  m a p p i n g  of the  d o m a i n  D (F0, D) onto the  s t r i p  0 < ~? < (r and  a s s u m i n g  for  po in t s  of F : V(s )  = 
{ f ' ( z ) l ,  we ob ta in  

, r T 

I V ( s ~ +  As) - - V ( s l ~  [ < kvAslog T k - -  As, 
S 

( l O 4 )  

w h e r e  ds  i s  an e l e m e n t  of a r c  of F and s I c o r r e s p o n d s  to  the  po in t  zt .  

P r o o f .  P e r f o r m i n g  a 1 / a - f o l d  s i m i l a r  e x p a n s i o n  of the  p l a n e s  z and  Z, i t  can  be  s e e n  t h a t  i t  i s  su f f i -  
c i en t  to e x a m i n e  the  c a s e  when q = 1. No t ing  t h i s ,  l e t  us d r a w  an a r c  of  the  con tou r  o r t h o g o n a l  to  F and  F 0 
and  l o c a t e d  in the  d o m a i n  D, t h rough  the po in t  s t .  L e t  us  d r a w  t a n g e n t s  L 0 and L, r e s p e c t i v e l y ,  to  F 0 and  F .  
t h rough  the  ends  of t h i s  a r c .  In c o n f o r m i t y  wi th  the  cond i t i on  of the  l e m m a ,  the  ang le  b e t w e e n  the  l i n e s  L 0 
and L does  not  e x c e e d  2% L e t  us  m a p  the  d i h e d r a l  L0L c o n f o r m a l l y  onto the  unit  s t r i p  0 < ~/ < 1 such  tha t  
t he  v e r t i c e s  of the  a n g l e s  would  go ove r  into the  po in t s  -~ ,o : oJ = ~ (z) (ei(~)/~ ") l o g ( z - t 0 ) ,  w h e r e  t o is  the  v e r -  
t ex  of the  a n g l e  LLoL;  the  d i s t a n c e  b e t w e e n  the  po in t  z 0 and  s 1 w i l l  be  1/2T.  The  s e g m e n t s  of  the  c u r v e s  F 0 
and  F which  a r e  in the  s t r i p  l x - x l {  <- 1 /4% z 1 = x 1 + iy  I go o v e r  into the  l i n e s  F~ and F '  u n d e r  t he  m a p p i n g  
~0, w h e r e  t h e s e  l i n e s  wi l l  a l s o  s a t i s f y  the  r e l a t i o n s h i p  (103) (~  = 1) for  s o m e  o t h e r  c o n s t a n t s  T and v by  
v i r t u e  of  the  cond i t ion  v = T 2.  M o r e o v e r ,  the  l i n e s  F~ and F '  w i l l  go into the  l i n e s  y = 0, y = 1, r e s p e c t i v e l y ,  
a t  the  po in t s  (l/T0) log  I z l - z o [  , ( l / r 0 )  log  {zl-z01 + i.  Le t  F0 :Y = Y0 (x) and  F : y  = y (x) denote  l i n e s  which  
c o i n c i d e  wi th  F~, F '  a t  I x - x l l  < 1/41" and  s a t i s f y  cond i t ion  (103) in the  s a m e  s e n s e  a s  the  l i n e s  F~, F ' .  L e t  

= $ (z) m a p  the  d o m a i n  D (F0, F) into D (F0, F) under  the cond i t ion  of c o r r e s p o n d e n c e  of  the  po in t s  z l ,  wl = 
(l/T0) log  [ z l - z 0 I  + i and  the  l i n e s  F0, F0 and [ = f ,(co) m a p s  the  d o m a i n  D (F0, F) onto the  s t r i p  0 < ~? < 1, 
fl(,~) = , ~ o .  

Hence ,  s e t t i ng  V 1 - I f l l ,  v = I r  we obta in  

l(  z )= l ~pP(z) 1 , 

v ( s ) :  lsl (~o)1 I , '  (~)1 = v~ - ,~. 

T h i s  m e a n s  

{V(s+ As) - -  V(s){ < k {Vx(s+ hs  ) - -  V , ( s ) l §  Iv(s-t-As) - -  v(s)[. 

F o r  the  s e c o n d  m e m b e r ,  for  {Asl < 1/8~" 

{v(s+ as) - -  v(s)] < k x A s .  

By v i r t u e  of T h e o r e m  10, for  the  f i r s t  m e m b e r  we ob ta in  

, i 
IV1 (s 7 As) - -  V 1 (s)l < kvAs  log ~s' 

for  bounded  v a l u e s  of  A s ,  IAsl < 1, and  a f t e r  an e l e m e n t a r y  e s t i m a t i o n  of th i s  s a m e  e x p r e s s i o n  we ob ta in  
the  e s t i m a t e  k l -As  + kv fo r  A s  > 1/2 .  C o m b i n i n g  the i n e q u a l i t i e s  ob ta ined ,  we a r r i v e  a t  the  d e s i r e d  r e l a -  
t i o n s h i p  (104). 

L e t  us  r e t u r n  to the no ta t ion  used  a t  the beg inn ing  of th i s  s e c t i o n  and l e t  us  p r o v e  the  l e m m a .  

LEMMA I6 .  L e t  us a s s u m e  tha t  the  func t ions  Y0 (x) and  Yl (x) a l s o  s a t i s f y  the  fo l lowing  cond i t i ons :  

1~3 (x)l < ~h ~'~, E (x)] < kh2, 
E (x){ < khb'L ly; (x)l < kh"- 

M o r e o v e r ,  l e t  us  have  
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[P~ - -  Po[ < k, (105) 

along the line F l, and let the lines F 1 contain the arc  T which has a differentiable curvature .  

Under these conditions, if we have 

P~ (s.) = kP'o (so) - -  Q, k > O, 

at a certain point of the a rc ,  then ]P~(s0) ] < kh-1/~ at this point. 

Proof .  Let us assume the opposite, i.e., that IP~(s0) I > Kh -1/~ or for definiteness 

(106) 

P'o (s~) > Kh -~/~, (106') 

where K is a rb i t ra r i ly  large;  in this case (106) will be equivalent to the condition 

P; (s0) = ~'P; (~o). (107) 

By virtue of condition (106), there is a bounded number 0 such that 

lJ;l = o 1!# 

at the point So. Hence, replacing the function f0  by the function 0f0 , at the point So we have 

P~(so) = Po(so). (108) 

Since P~ hence does not vary,  then without res t r ic t ing  the generali ty the condition (105) can be replaced by 
the condition (108) under the conditions of the lemma. Moreover ,  considering P0 and Pl as functions of 

, ~, by virtue of the boundedness of lf~l andlf~I the differentiation with respec t  to s in condition (107) and 
the desired inequality can be replaced by differentiation with respec t  to ~. Noting this, let us henceforth 
consjder that the point ic~h 3 corresponds  to the point s o in the mappings f0 and f l .  

Let us assume 

~+ (i) = ~ ~-~,(~,:~')d~, s- (~) = .f "-~ '~ '~ ' )  d~. 
0 0 

By virtue of Lemma 15 we have 

i 

[s + (~)- s -- (~)I < ~ h-: (~2 + [}ii+6), 8 > O. (109) 

N0w, let us r epresen t  the values of dPl/d} and dP0/d~ in t e rms  of the functions Q0 and Q1 at the point; 
we will have 

OP1 oQx [Q,(t,2c~ha)--Qx(,,czh~)l+ ~ t ~ Q~(~,aha)--Q~(O, aha) d~ ' = ~ = k max ~h~ "Y ~ .~ 
--co sh2 2 ~h a 

co 
apo ~Qo k max [Qo (t,o)- Qo (', G~h3) I ~ i ~ Qo (~, (~h3)- Qo (0~ ~h 3) d~o 
~ - =  ~--~ = ~h~ 2 ~h~ ~ 

--~ sh2 2 aha 

The f irs t  member  in the express ions  obtained for ~Pl/8} and 3P0/8} is less than kh-l/2 by virtue of the 
conditions of the lemma. In conformity with the assumption (106'), the sum of the remaining members  
should be greater  than Kh -1/2. Let us show that this sum is small  together with h. Indeed, by introducing 
the variables  s + and s- the considered sum can be represented  as 
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[Qo(0, aha)=Q~(O, aha), Qo(s)=-Q~(s)]; 

s i Iq'l ]s -- - d~ -Y a--~h~ = t Q [s+ (~)1 [=- (~)1-- < -~ ~2h~ - , 

--~ sh z ~ -  ~'~ --co sh~" 2 aha 

where Q (s) denotes the angle formed by the tangent to F~ at the point  s and the x axis. Remarking that 
IQ ~] < kh 2 and s u b s t i t u t i n g  i t s  m a j o r a n t  f r o m  (109) in p l a c e  of l s + - s - ] ,  we ob ta in  tha t  t h i s  l a s t  e x p r e s s i o n  
is  S m a l l  t o g e t h e r  wi th  h. The  1emma is  t h e r e b y  p r o v e d  c o m p l e t e l y .  

LEMMA 17. Unde r  the  c o n d i t i o n s  of the  p r e c e d i n g  l e m m a ,  l e t  us  a s s u m e  tha t  the  c u r v a t u r e  K (s) of 
the  l ine  r 1 does  not  e x c e e d  v 1 and  the l ine  r~ c o n t a i n s  an  a r c  T of the  con tour  of r a d i u s  1 / v i .  

Under  t h e s e  c o n d i t i o n s  t h e r e  i s  an N = N (k) such tha t  when 

v~=Vo-brah ~, r > N ,  

w h e r e  v 0 i s  the  m a x i m u m  of the  c u r v a t u r e  of  the  l i ne  F 0, we w i l l  have  

P[(so)--P~ -gT) -~i-~ - -  W -I-\-N-= ] re- ,--e-e.), 

a t  any  poin t  So of the  a r c  T i f  the  a r c  y i s  c o n c a v e  r e l a t i v e  to DO' y [  < 0, and  

_ [[Opo[ InP=I]laPx aPo (~s0~ (e_p, _ e_V.), 
/)i (so) - -  Po (so) > r U o, I + o[-~-IJ I - i7  o= + 

i f  the  a r c  y i s  convex  r e l a t i v e  to Do, ylT > 0. 

P r o o f .  L e t  u s  c o n s i d e r  the  f i r s t  p a r t  of the  l e m m a .  Le t  us  a s s u m e  tha t  the  po in t  unde r  c o n s i d e r a t i o n  
s o goes  o v e r  into the  po in t  ic~h 3 in the  m a p p i n g s  [ = f 0  (z), [ = f l  (z). Le t  Q~ (~, ~) and  Q' (~ ,  ~/) denote  the  
v a l u e s  of the  d e r i v a t i v e s  of  the  func t ions  Q0 and Q1 with  r e s p e c t  to  ~. L e t  u s  f ind e x p r e s s i o n s  for  ~2P0/~2 
and ~2t )1 /~2  a t  the  po in t  ioth 3 in t e r m s  of  the  func t ions  Q~ and Q[, r e s p e c t i v e l y .  No t ing  tha t  fo r  ~? = 0, a h  3 

q~ = Ke -po, (110) 

t a k i n g  into accoun t  L e m m a  15 and the  i nequa l i t y  ob ta ined ,*  

[Vo(t, ~ ' )  - PO(r o)[ < n=h= < k~h~, 
op aO o-~ = ~ = K e - P '  

(111) 

we have  

O2po OQo vl --  Vo g i i Qo (~, aha) --  Qo (0, r 

o r ,  c o n s i d e r i n g  the  c u r v a t u r e  K of the l ine  F 1 a s  a funct ion  of ~ and us ing  (110), we ob t a in  

82P o ~ t [g  (~) -- g (0)] e -P~ d~ + Qo (0, (zha) [e po(D -- e--Pd o)] 
- r § -5- ~ sh ---~ ~--~-'~ ' sh~ ~--- ~ d~. 

�9 2 a.ha --~ 2 aha 

L e t  us  e s t i m a t e  the  t h i r d  m e m b e r .  To t h i s  end,  l e t  us  c o n s i d e r  tha t  

i Po(o) d~ ' Q'o (0, ah 3) = ~sP~ ~ Po (o. ah3)aha-- Po (0, O) ~ ~2 a~h POsh 2(D~-" ~ 7 =Zh~ 

--~r 2 (zh 3 

Po (~, O) -- Po (0, O) - - - -  ~ d~. 
�9 ~h~__L-~ + k  

2 r 3 

(112) 

*To obta in  th i s  i nequa l i t y  i t  i s  su f f i c i en t  to u se  the  r e l a t i o n  dP/dsq = dQ/d~ = Ke - p .  
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Hence ,  taking account  of  (112) and L e m m a  14, we obtain 

co 1 
(' Po (D -- Po (O) d~] h-~/~. 

l ~--~" 3 ~.~ ~ < I [ - - z ~  2 o~h a 

M o r e o v e r ,  again by v i r tue  of  L e m m a  14 

I [ P o ( D - - P o ( O ) I ' *  d~ < knh "ff l ~ l "d (~)  < k"o~"+th ~/~'* 
�9 ~ _ L  " 

shZ "~ a.h-"~ --co ah t 

Therefore, 

IQ'o(O,~ha) ~ e--P~162176 ~] ~ k .hS/2 
a2h. e sh 2~ ,~ d <~-~- . 

- -  2 ah 3 

Hence  (112) y ie lds  

02Po :~ 1 V [K~ (~) - -  Ko (0 ) ]  e - p o ( ~ )  
O~-- ~ ~- r -~- ~ r d sh ~ ~ ~ d~. (113) 

--r 2 tzh 3 

P e r f o r m i n g  a comple te ly  ana logous  ca lcu la t ion  for  ~2Pi/~ (~)2 at  the v e r y  s a m e  point  O, ~h S, we obtain 

co 
O2P' k n i ~' K I ( ~ ) - K  1(0) 
og --z-z = ~ h~ J sh--- ~ ~ ~- d~. (114) 

--co 2 h z 

Let  us note that  the in tegrand  in (113) and (114) is not  negat ive  because  the c u r v a t u r e  of  the l ine F 1 r e a c h e s  
its m a x i m u m  on the a r c  7 by a s sumpt ion ;  m o r e o v e r ,  r is l a rge  c o m p a r e d  to k 

o"e,I f oL5 ~ 

Now, let us  turn  f rom the der iva t ives  with r e spec t  to ~ to the der iva t ives  with r e s p e c t  to s; we 
evidently have 

(115) 

O'Po O'Po e2Po [8Po ~ e p. O2Po 2p. -- fOPs \2 _p. 
a,~ = - ~ -  + ~ o~1 = - ~ - F  e * t-~-~ ) ~ , 

O'Pl~ __-- O'P,~ e2P' -T' ~[OP'o~ ]~2 ep ' = ~ e2p, § ~'-~-)[• ~ e--p,. 

Hence,  taking accoun t  of  (113), (114), and (115), we obtain 

0~2P1081 02P~ ~'.~"~2~ [02P1 02P~ 2pc -~--~a2Pl (02P1 - -  o 2P~ -~- 

ffoP, V _ [apo 7~ [aa V (~-P,-d'.) < 
+ [ k a ~  / k a~ / j e - V ' +  k 0s / 

< - r + fl ~176 I § ~ I ~ opo I /or, \ ( 1 1 6 )  

The second p a r t  of the l e m m a  is p roved  pe r f ec t ly  ana logous ly .  

LEMMA 18. In addi t ion to the condi t ions  of L e m m a  17, let us  a s s u m e  tha t  a long  r 1 

IPz (s) -- Po (s)l < k---Lh (117) 
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Under  t h e s e  c o n d i t i o n s ,  the  func t ion  q (s) = P l ( s ) - P 0  (s) canno t  r e a c h  i t s  m a x i m u m  on the  a r c  ~/ i nc lud ing  
i t s  endpo in t s  i f  Y i s  convex  to Do, and  canno t  r e a c h  i t s  m i n i m u m  if  ~/ i s  c o n c a v e  to  D 0. 

P r o o f .  L e t  us  a g a i n  e x a m i n e  the f i r s t  c a s e  when T is convex  to D. L e t  us  a s s u m e  tha t  we have  

oP~ OPo , k ~ "  
Os os ~- l o g l ,  

a t  an  a r b i t r a r y  poin t  So of the  a r c  ~ ;  h o w e v e r  in th i s  c a s e  in c o n f o r m i t y  wi th  L e m m a  15 we wi l l  have  

OP~ k h - t / 2  OPo <: k h - l / 2  
Os ~ Os " 

In t h i s  e a s e ,  the  i nequa l i t y  (116) b e c o m e s  

O~q O2Pi 02Pn > r - -  k ( ] k 
Os, o~,~ os,  - ~  . e - ~ '  - ~'. log ~ 

o r  t a k i n g  (117) into accoun t ,  f i na l ly ,  

a~q 2> l y r .  

Hence ,  t h e s e  r e s u l t s  d i r e c t l y  show tha t  the  m a x i m u m  cannot  be  a c h i e v e d  a t  any  inne r  po in t  of the  a r c  T. 
M o r e o v e r ,  it  h e n c e  fo l lows  tha t  when the  m a x i m u m  is  a c h i e v e d  a t  the  le f t  endpoin t  of  the  a r c  T, for  in -  
s t ance ,  s = s l ,  then  e i t h e r  

q (s, + as) - q (a) < _ kV-~- li--~ 
i '  As-~-t~ As log .-~ 

o r  the  r i g h t  a r b i t r a r y  func t ion  q wi l l  e x i s t  and  w i l l  be  n e g a t i v e  a t  the  po in t  s l ,  w h e r e  in t h i s  c a s e  the  func -  
t ion  q wi l l  be  convex  to the  r i g h t  of  s 1. A c c o r d i n g  to  L e m m a  8 in [2], i t  can  be  shown in both  c a s e s  t ha t  for  
A s <  0 

q (s~ + as) --  q.(sO < ~ n, l im As 

i . e . ,  the  m a x i m u m  is  not  a c h i e v e d  at  the  po in t  st .  The  c a s e  of the  r i g h t  endpo in t  of  the  a r c  T i s  c o n s i d e r e d  
p e r f e c t l y  a n a l o g o u s l y .  

1 2 .  E X I S T E N C E  T H E O R E M  

U s i n g  the  a u x i l i a r y  p r o p o s i t i o n s  p r o v e d  above  and a p p l y i n g  a m e t h o d  a n a l o g o u s  to  the  m e t h o d  d e v e l -  
oped in the  p r o b l e m  of j e t  f lu id  f lows ,  l e t  us  p r o v e  the  e x i s t e n c e  of a so lu t ion  of  the  p r o b l e m  f o r m u l a t e d  in 
Sec .  6. L e t  us  p r o v e  the  e x i s t e n c e  of  w a v e s  wi th  any  s u f f i c i e n t l y  long  p e r i o d  and l e t  us  ob ta in  the  s o l i t a r y  
wave  a s  a l i m i t  c a s e .  

THEOREM.  F o r  any su f f i c i en t l y  s m a l l  h and su f f i c i e n t l y  l a r g e  w t h e r e  i s  a l w a y s  a va lue  of A fo r  
which  a so lu t i on  y = y (x, r wi l l  e x i s t  fo r  the  equa t ion  

s(vor) =If(z,  vo, r)l ~ - c + z y = 0 ,  

= 3 + 9 h  ~, ~ =  h 2--+6L, C 

w h e r e  To is  the  l ine  y = A(oJ), IAI < k h ~ l o g ( 1 / h ) .  The  funct ion y = (x, ~ )  w i l l  hence  have  the fo l lowing  p r o p -  
e r t i e s :  

I) y (x, w) is a periodic function with period 2~; 
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2) y ( x ,  o~) is  s y m m e t r i c  r e l a t i v e  to the  y a x i s ;  

3) y (x, r a d m i t s  a s ing le  m a x i m u m  a t  t he  po in t  x = 0, y (0, ~)  = h + Oh 2, i < 0 < 2 in the s e g m e n t  
( - ~ ,  ~0). 

F o r  w ~ r  the  funct ion  y ( x ,  w) a l s o  t e n d s  t o a  so lu t ion  of (1), w h e r e  the  va lue  y (x, ~)  which a d m i t s  the  
s ing le  m a x i m u m  at  the  po in t  x = 0 and h a s  the  a s y m p t o t e  y = A is  

y (0 ,oo)=h§  2, 
kh a 

IA (~)1 < 
log @" 

P r o o f .  We p e r f o r m  the p r o o f  by  induc t ion  by  going f r o m  l a r g e  v a l u e s  of  v to s m a l l e r  va lue s .  
f o r m i t y  with t h i s ,  l e t  us  f i r s t  p r o v e  the  e x i s t e n c e  of the  so lu t ion  to t h i s  p r o b l e m :  

a) C o n s t r u c t  a s o l u t i o n  of the  equa t ions  

In con -  

J~(l'0,1")=0 , v=Kh 2, 

w h e r e  r 0 : y  = y0 (x) = v + ~(x) s a t i s f i e s  the  co nd i t i ons  

have  

yo(--x)=yo (x), yo(x+ 2o~)=yo(x), (118) 

In (x)l < 3ha, lY'o (x)l < h ~/2, lY"o (x)J ~ h ~/2. 

L e t  us  p r o v e  the  e x i s t e n c e  of a so lu t ion  of  th i s  p r o b l e m  for  K ~ 10, w h e r e  for  t h i s  so lu t ion  we wi l l  

I h - -  y(x)  I < 2h. 

L e t  us  c o n s i d e r  the f a m i l y  E of func t ions  { y  (x)} which  s a t i s f y  the  fo l lowing  cond i t i ons :  

(119) 

]h - -  y(x)] < 2h 2, y(--x)=y(x), y(x+2o))=y(x), (120) 

(121) 

L e t  us  def ine  the  func t iona l  T (y) in t h i s  f a m i l y :  

r @ = max Is~ (ro, r)l. lxlx<{~ 

This  func t iona l  i s  e v i d e n t l y  con t inuous  in E and the  f a m i l y  E i s  c o m p a c t .  Th i s  m e a n s  t ha t  a func t ion  YI (x) 
e x i s t s  in E which  y i e l d s  the  a b s o l u t e  m i n i m u m  T in E. We m u s t  show tha t  T (Yi) = 0. L e t  us  a s s u m e  the  op -  
p o s i t e ,  i . e . ,  t ha t  T {Yi) > 0. 

Hence ,  in o r d e r  to a r r i v e  a t  a c o n t r a d i c t i o n  i t  is  su f f i c i en t  to show tha t  Yl (x) can  be  v a r i e d  in E so 
t ha t  the  a p p r o p r i a t e  v a r i a t i o n  of T would  be  nega t i ve .  To th i s  end,  l e t  us note  s o m e  p r o p e r t i e s  of  the  funct ion  

(x) = so (r~, r ) ,  

w h e r e  a l ine  which  m a p s  the  func t ion  y = y (x) i s  t a k e n  a s  1" 1. 

1) At  any po in t  x w h e r e  Yi (x) = h + 2h 2, ~ {x) < 0 but  w h e r e  Yl (x) = h - 2 h  2, ~ (x) > 0. 

Indeed ,  by  v i r t u e  of T h e o r e m  1 ([2], p. 398), l e t  us  magn i fy  Jv(1"0, r l )  in the  f i r s t  c a s e  i f  we r e p l a c e  1"1 
by  the  l ine  y = h + 2h 2 and F 0 by  the l ine  y = v + 8h 3, i . e . ,  we have  a t  the  c o n s i d e r e d  poin t  

h--v )2 
= J~ (to, r l )  < ( ;~ _ ~ =_ 2h" - 3h~ - -  C - .  >. (h ~-, 2h ~-) < o. 

The  second  c a s e  is  c o n s i d e r e d  c o m p l e t e l y  a n a l o g o u s l y .  
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2) At points  whe re  ]tp (x)] a c h i e v e s  an absolu te  e x t r e m u m ,  lyl(x)l < 1. This  p r o p e r t y  r e s u l t s  d i r ec t l y  
f r o m  the a n a l y s i s  p e r f o r m e d  in p rov i ng  L e m m a  3. S tar t ing  f r o m  ca lcu la t ions  p e r f o r m e d  in p rov ing  L e m m a  
4 and us ing the r e s u l t s  of  Secs .  8 and 9 of th is  paper ,  it can  be  seen pe r f ec t l y  ana logous ly  tha t  

3) If the cu rve  F 1 conta ins  an a r c  of the contour  of unit  r a d i u s ,  then the funct ion r cannot  ach ieve  its 
abso lu te  m a x i m u m  or  m i n i m u m  on th is  a r c ,  inc luding i ts  endpoints ,  depending on whe ther  y~ < 0 or  y~ > 0 
a long this  a r c .  

4) Le t  e be an a r b i t r a r y  smal l  pos i t ive  n u m b e r  and let the l ine F t : y  = Yl (x) be such that  

i vdx ) -  w(x)l ~<~ 

and a t  s o m e  point  x0 

~ ( x 0 ) =  W(Zo)+*, [v~(~o)= v~(x0) - 81. 

I t  is a s s e r t e d  tha t  under  t he se  condi t ions  we have at the point x0 

],~(ro, T,) <]o  (re, r,) (~o(ro, if1) > Jo(ro, r,). 

Indeed,  by v i r tue  of the T h e o r e m  1 [2] ment ioned ,  it is  suff ic ient  to prove  our  a s s e r t i o n  for  the c a s e  when 
Yl (x) = Yt (x) + ~ [y~ (x) = Yt ( x ) - a ]  for  any  x;  however ,  in this  c a s e  

where  lol < 8. 

+o (r , ,  r , )  - s~ (ro, V1) = (t + o~) h ~ v 2~h - 6h~, 

On the o ther  hand, subs t i tu t ing  its leas t  value in place of v, we f inal ly obtain 

+~(ro, r l ) -  +o (re, ~1)> ~ ,  k > o .  

Analogus ly ,  if  Yt (x) = Yt ( x ) - e ,  then 

(122) 

J,(F0, F1) - -  J . ( F o ~ l ) <  - -  ks. (122') 
+. 

Taking  account  of the p r o p e r t i e s  l i s ted  for  the line Fi,  a s  well  as  the evident  cont inui ty  of the funct ion 
r we can apply  the c ons t ruc t i on  given in Sec.  10 [2] of  the t heo ry  of j e t s ,  and we can obtain a l ine F i in the 
c l a s s  E for  which T takes  on a s m a l l e r  value than on F i. The ex i s tence  of the solut ion of  the p r o b l e m  posed  
for  k >- 10 is t he r e by  es tab l i shed .  It fol lows d i r ec t ly  f r o m  (122) and (122') that  the so lu t ion  of the p r o b l e m  
posed  is unique and depends cont inuous ly  on Y0 (x). 

b) Now, let  us show that  under  the condi t ions  a) t he re  is a cons tan t  A = A {Y0}, ]Al < h2 for  suff ic ient ly  
s m a l l  h such that  the solut ion of  the equat ion 

J~( r~ , r )=0 ,  (123) 

w h e r e  F ~ : y  = Y0(X) + A ,  wil l  pas s  through the point  (0, h + c0, 0 <- 2 -< 2h 2. Indeed,  tu rn ing  s u c c e s s i v e l y  
to (122) and (122') and a s s u m i n g A  = .v (2 /k)h  ~, we obtain the solut ions  of (123), one of  which c o r r e s p o n d s  to 
the plus sign and will  be g r e a t e r  than h + 2h 2 for  x = 0; the o ther  wil l  c o r r e s p o n d  to the minus  sign,  and 
hence  x will  be l e s s  than h. We hence  obtain  the de s i r ed  r e s u l t  f r o m  the cont inui ty  of  the solut ion r e l a t i v e  
to Y0 (x). 

c) Le t  us  t u rn  to r e a l i z a t i o n  of the induction.  Le t  Y = S{y0, v) denote an in tegra l  of (11) (for ~? = 
Y0 ( x ) - v  + C with pe r iod  2r which sa t i s f i e s  the init ial  condi t ions  

Y(O)=h-" a, Y'(0)=0. 

By v i r tue  of  L e m m a  1, if Y0 (x) sa t i s f ies  condi t ion {118), a number  k 0 ex i s t s  such that  for  a suff ic ient ly  sma l l  
va r i a t i on  of Y0 in c o m p a r i s o n  to h 3 we have 

697 



I S { go + 6Yo, v} S {go, vii < ~ max 16g, (x)l. (12 4) 

13y v i r tue  of the p r eced ing  l e m m a s ,  under  the v e r y  s a m e  a s sumpt ions  t h e r e  is a cons tan t  k such that  
fo r  the  function y (x) = H{y0} we will have  

[g'(x) I ~< kxhS/*, ly"(x)l ~ k l h .  (125) 

I f y  0 (x) sa t i s f ies  the condi t ions  of L e m m a  13, the re  ex is t  a 00 and k 2 such that  

ts{y o, v} --//{yo}l < kW- log ~ "  (126) 

Now, let us note one spec ia l  cons t ruc t ion .  S tar t ing  f r o m  Y0 (x) which sa t i s f i e s  (118), let  us  c o n s t r u c t  
a funct ion Yi (x) such that  S{yl ,  v + kh 3} = S{y 0, v}, k ~- 1. 

Le t  us a s s u m e  that  a function H{yi} = y(x) and an app rop r i a t e  funct ional  A { y l }  can be cons t ruc t e d  for  
the  function Yl (x). Let  r 0 : y  = y0(x) + A{yl}  and F 1 :Yi (x) + A{y~). Fo r  the domains  Do (F0, r l )  and Ddr~r), 
F : y  = y (x) let  us  c o n s t r u c t  the mappings  f 0  and f l  in t roduced  in Sec.  11. S ta r t ing  f r o m  (126), it can  be 
shown that  we will  have  

i p  1 __ ~ . 2k2h 
t~'l < l o - ~  ~ (127) 

along the line F 1. 

Now let Y0 (x) sa t i s fy  condi t ions  (118) and (89) for  u = u0, whe re  v 0 is so sma l l  tha t  t he  r e s u l t  of  L e m -  
ma  11 holds  f.or Y0 (x): 

16H {Yo}[ < ~ max [@el. (128) 

Le t  us a s s u m e  

7 = h 3 / 4 k a = ~ h  3, 

and let  n be the  l eas t  in teger  g r e a t e r  than 10h2/r = 10/flh. Le t  us  s e p a r a t e  the in te rva l  (0, 10h 2) into n 
equal  pa r t s ,  where  vl, v2 . . . . .  Vn-t a r e  the points  dividing v m = 10h 2, m / n  = ml- l, Le t  Y(m)(x) denote a func-  

Le t  us c o n s t r u c t  some  t ion such that  S{Y~ m), Vm} = Y (x), whe re  y = Y (x) is the Rayle igh  wave equation.  0 
ne ighborhood  for  each l ine IY~ n : y = y~n (x). 

Set t ing 5 o = 0, we denote the n u m b e r s  5 l, 5 2 , . . . ,  5 k f r o m  the aux i l i a ry  r e l a t i o n  

8m = 6m_, (t -t- 2k,•h) -~ 2k~h* 
log _.I h " 

(129) 

It  hence  fol lows tha t  

k4h s 
~ "< log--'~- (130) 

where  k 4 is a number  defined by the n u m b e r s  fl, k 0 and k 2. Le t  us  hence fo r th  cons ide r  k so sma l l  tha t  6 n 
would sa t i s fy  the inequali ty ~ m  < 00" 

?! f 
In addit ion to the n u m b e r s  6 m ,  le t  us s t i l l  in t roduce  the n u m b e r s  6irn and 6 m. Le t  us se t  5 m  = 

khhT/2m, where  k 5 is a n u m b e r  defined in t e r m s  of k I by  us ing the funct ion K 0 (k) ih t roduced  in L e m m a  14: 

k~=~'.(kl). 
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Simi l a r ly  

6:,, = koh~, 

where  the n u m b e r  k~ is a l so  e x p r e s s e d  in t e r m s  of  k 1 by using the funct ion K 1 (k) f r o m  L e m m a  17. 

Le t  E m denote the se t  of  l ines  {71m)}: {y  = Y0 (x, m} which have the p r o p e r t i e s  

var/Yo (x, m) - -  Y(0 ~) (x)l ~ 6~ < ~., 

Yo(--x ,  m ) = y o ( x  , ra), Yo(XT 2r , '  rn); 

(131) 

lyo (x, m)l ~< ~ ,  
ly;; (z, .01 < 6:,; 

(132) 

m o r e o v e r ,  e spec ia l ly  for  the l ine Y0 (x, n), 

be (~, ~) - Yo (") (x)] ~< ~h". (133) 

Let  us es tab l i sh  the ex i s t ence  of  the solut ionH{Y0 (x, m)},  by induct ion f r o m  m to m - 1 ,  such that  the  
l ine ~? = (m) v .  will  go over  into a l ine of the fami ly  E~ for  the mapping  f of the s t r ip  v ~  < ~ �9 h into the 

�9 - z - . t l  I i l l  

~m) domain  D (7 o ), H{y0 (x, m)} > y �9 Y0 (x, m). By v i r tue  of a), this  a s s e r t i o n  holds  for  m = n. Le t  us a s -  
sume  it to be val id  for m and le t  us  p rove  it fo r  m -  1. 

Le t  Y0 (x, m - l )  be an a r b i t r a r y  l ine of  the fami ly  Era_ 1. By v i r tue  of (131), (124), and L e m m a  1, we 
will  have  

IS {Yo,Vm-i )  - -  Y (x, (z)l ~ -~-- . (134) 

Let  us de t e rmine  Yl (x) f r o m  the condi t ion 

s{yl, ~',.) =SIUo,~', .- ,}.  

It can  be seen that  

var [Yi --  Y(0 m) (x)]< (1 + 2koCh ) var [Yo (x, m - -  1) --  Y~ ' - '  (x)l. (135) 

This  means  that  the function Yi (x) belongs  to the fami ly  Era, where  by v i r tue  of (126) we have 

k2h 2 
Is {yl, vm} - H {Yl}I < t" (136) log -~- 

I t  is hence  a s s u m e d  that  H{y~} ex is t s  and the l ine f~m) c o r r e s p o n d s  to s o m e  line of the fami ly  E n for  the 
mapping  f~m) .  

Now, let  y = Y0 (x) = Y0 (x, m - l )  + C, C = cons t  be a funct ion such that  for  ~? = Y0 ( x ) - v m - 1  and for  v = 
Vm-i the in tegra l  of  (11) a g r e e s  with s { y  0 (x, m -  1)} and y = Yl (x) is such that  for  ~ = Yl ( x ) -  6 m and for  
v - v  m the in tegra l  of  (11) a g r e e s  with s { y  0 (x, m - 1 ) ~  a l so .  

Le t  us p e r f o r m  the con fo rma l  mapp ing  ~ = f-0 (z), [ = 71 (z) of the s t r ips  Y0 (x) < y < Yi (x) and Yi (x) < 
y < H{y l}  r e s p e c t i v e l y ,  onto the s t r i p s  Vm_ i < ~ < v m and vm < V < h. By v i r tue  of  (136), (127) we will  have 

~P1 - -  Pol ~ 2k._h 1 (137) 
log --K" 

a long the l ine y = Yl (x). 
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Noting this ,  let  us c o n s t r u c t  a fami ly  of l ines  F = { F1} : {y  = y (x)} in the ne ighborhood  of  the l ine y = 
Yl (x), with the fol lowing p r o p e r t i e s :  

- -  z , )  ~ ] ; . . , h  4 

y ( - - x ) = y ( x ) ,  'X '  9 y~ =. r  y(z), 

All the l ines  of  the fami ly  F be long to the fami ly  E m,  which m e a n s  that  fo r  each  l ine f r o m  F t h e r e  ex i s t s  
an S { y )  a n d A { y ) .  Le t  us e x t r a c t  a pa r t  F '  out of  F which is  defined by the inequal i ty  

- -  LY~I < - - - - -V" (138) 
log-~- 

Le t  [ = f0  (z), [ = f i  (z) r e a l i z e  the c o n f o r m a l  mapping  of the domains  Y0 (x) + ~X{y) < y < y (x) + 
A { y )  and y { x }  + A { y )  < y < H { y ) ,  r e s p e c t i v e l y ,  onto the s t r ips  Vm-i �9 ~7 �9 Vm and Vm �9 7? �9 h under  the 
condit ion of c o r r e s p o n d e n c e  of the infinitely r e m o t e  points.  Le t  us in t roduce  the funct ion 

(s, Fx) = Pl --  Po = log I]~ (z)i - -  log I]o (z)l 

on each line l~l : y  = y (x) F '  by us ing these  mappings  and le t  us se t  

J (F) = max ~ (s, F). 
I s l  < c c  

T h e r e  r e m a i n s  to show that  the re  ex i s t s  a l ine F in the c l a s s  of l ines  F '  for  which J ( F )  = 0. Le t  us  
a s s u m e  the opposi te ,  i .e . ,  tha t  the min imum of J in F '  is pos i t ive ,  

inf J ( r ) =  a > 0. 

By v i r tue  of the c o m p a c t n e s s  of F '  this m i n i m u m  is r e a c h e d  on some  l ine r (~ of  this  s a m e  fami ly ,  

J(rC0))=a. 

M o r e o v e r ,  the l ine y = Yi (x) belongs  to F '  by v i r tue  of (137), 

a <~ 2k.._h 
i �9 
x 

lcg--~ 

It m u s t  be shown that  F (~ in the c l a s s  F '  can  be va r i ed  so that  ~ J ( r  (~ < o. To do this ,  let  us note 
the fol lowing p r o p e r t i e s  of  the line F (~ and the funct ion $(x) -- qJ(x, r(~ 1) by v i r tue  of  (128) and the 
cho ice  of  ~" a t  points  where  6y  will  r e a c h  the absolute  m a x i m u m  (6y > 0) and m i n i m u m  (6y < 0), we wil l  
have  8~b ~, 0 (($$ r 0); 2) if 

var lY (x) --  y~ (x ) /<  Zk"-h~ 
1 '  

log---~ 

then a t  points  where  y (x)-Yl  (x) will  r e a c h  the m a x i m u m  (minimum),  we will  have  $ < a ($ > a); 3) ana lo -  
gous inequal i t ies  hold if the inequal i ty  (138) wil l  b e c o m e  an equal i ty  a t  a p p r o p r i a t e  points;  4) by  v i r tue  of 
L e m m a s  16 and 18 the function $ cannot  r e a c h  the absolute  m i n i m u m  (maximum) at  points  where  y '  = 

! t 
m) on 6 m (y'  = - 6 and a r c s  of the g r e a t e s t  convexi ty  

y"=  6:,,(1 -:- .(2)3]:~, y, ,= _ 6~.(~ + y'-3 3'2. 
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However,  the four proper t ies  l isted for the line F (~ are  sufficient for application of the variat ion ~F (~ 
given in the paper about jets ([2], pp. 431-436) to the construction.  

The formulated theorem is thereby proved completely.  

13 .  S U M M A R Y  

1. As is known, the problem of plane steady motion of an ideal gravity fluid in a channel of finite depth 
is equivalent to the following boundary-value problem from conformal  mapping theory:  

Let D (r) be a domain in the plane of the complex variable z = x + iy bounded by the rea l  axis x and the 
curve F : y  = y (x), y (x) > 0. Fur the rmore ,  let w = f ( z ,  F), f ( *  ~, F) = �9 ~ be a function per forming  the 
conformal  mapping of the domain D (F) onto the strip 0 < v < h of the w = u + iv plane. For  given constants  
C, X and h, find F such that the relat ionship 

[(r)=l/'(z, r)[-"-- C+Ky=0,  c > 0, K > 0 (D 

would hold at each point of F. 

If it is assumed in addition that the desired function y (x) differs slightly f rom a constant,  and its 
derivatives a re  small  and the boundary condition (1) is l inearized in conformity with this, then the problem 
posed will admit of e lementary  solution, and the desired function will be a sinusoid with a rb i t r a ry  ampli-  
tudes and phase and with period governed by the given constants.  

A number of investigations have appeared in the past 20 yea rs ,  in which a r igorous  solution of the 
problem has been given by using integral  equations, for cases  slightly different f rom the l inear case.  

In addition, Rayleigh gave an approximate method for the case of waves in channels of low depth by 
taking account of the quadratic t e rm.  The Rayleigh theory afforded the possibili ty of examining waves, 
radical ly  different from sinusoids; in par t icular ,  the Rayleigh theory gave the solution of the problem in the 
form of a line with a single maximum point (a sol i tary wave). 

A number of proposit ions r e f e r r i ng  to the r igorous  theory of a lmost  Rayleigh waves is established in 
this paper.  Underlying the method are  general  boundary proper t ies  of univalent functions which the author 
had used ear l ie r  to const ruct  a qualitative theory of jet fluid motions. 

2. In conformity with the conditions for which the Rayleigh solution can be considered as an ap-  
proximate solution, let us assume that the number h is sufficiently small  and the numbers  C and k have the 
s t ruc ture  

2 ' a) h, C 3 + ( 9 + ~ ) h  2, 

where ~ and fi a re  sufficiently small  quantities, 

Henceforth,  kl, k 2 . . . .  , will denote constants independent of h. 

Under these conditions a general  existence theorem holds. 

.THEOREM 1. For  all values ofw > klvC'h, where ki is sufficiently large,  there  exists a curve F ~ : y  = 
y (x, w) with period 2~ 

y(x§ (o)=y(x, (o) 

and with vertex at x = 0 which sat isf ies  the functional equation (1). 

The limit line F w :y  (x, w) exists as r --* ~ and yields an aperiodic solution of (1) with a single vertex 
at the point x -- 0. This l imit  solution is an identity wave. 

3. The connection between the solution y (x, w) of Theorem 1 and the approximate solution Y (x, ~o), 
Y (x + 2w, ~) = Y (x, w) given by Rayleigh is established by the following proposit ions.  

THEOREM 2. Under the conditions taken in Sec. 2, we have for the solution y (x, r 
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THEOREM 3. 

ly'(x, ~)l < kJ2~ ,'~, 

Jy"(x, ('))1 < k~h, 

lY" (x, o~)! < ~--b r 

Under the previous  conditions, the es t imate  

lY (x, (o) - Y (x, r < / ~ h ' -  i 
log-'~- 

holds. 

4. The following stabil i ty for the solution is essen t ia l  to an a lgor i thmic  cons t ruc t ion  of the solution 
y(x ,  ~) .  

THEOREM 4. If the line ~/:y = r 

q~(x§ 2(o)= ~(x), (~(0)= y(0, (o) 

with ver tex  at the point x = 0 deflects  f rom the solution r :y  = y (x, c0) by more  than a, e > 0 

sup I~(x) - y(z, ~)] > e, 

then II(~/)] > k6a. 

1. 
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3. 
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